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SECTION I ‘
INTRODUCTION

During the last few years numerical methods for predicting
the flow field around an airfoil have advanced tremendously. The
computation effort is, however, quite large; there may, therefore,
still be room for methods which yield results with acceptable
accuracy but with less computational work. This claim is made for
the integral equation method, originally proposed by Oswatitsch
(Ref. 1) and developed further by Spreitzer, Zierep, Norstrud, Hancock,

and Nixon (Ref. 2 through 9). The claim to shorter computing time

is made on the basis of numerical experiments. The following

observations, which probably have already been in the minds of the

originators can serve as an explanation. The integral equation .
formulation contains terms which are found directly from the Prandtl

Glauert approximation and additional terms which originate from

further (nonlinear) compressibility effects. Frequently these

additional terms are fairly small; it may be permissible to

evaluate them with relaxed accuracy requirements.

The present article analyzes the method from a theoretical
point of view. The author's original goal was to identify the
feature of the method which is the basis for its success. The
explanation which he found is nothing more than a paraphrase in
mathematical terms of the reason just given; it has little practical
interest. Further developments of the underlying ideas, namely
the interpretation of the integral equation method as a method of
weighted residuals, may however lead to improvements of the

computational procedure and this should make the present study

worthwhile.




SECTION II
GENERAL OBSERVATIONS AND A SURVEY OF THE ANALYSIS

The discussion is based on two fairly simply observations.
The first is the basic motivation for the definition of a Green's
function: the Green's function pertaining to some linear
differential operation (with appropriate homogeneous boundary
conditions) constitutes the kernel of an integral operator which
inverts the original differential operatoi. If one uses, instead
of the Green's function a tundamental solution, then one obtains
only a partial inversion of the differential operator, but one
still accomplishes a reduction of the dimensionality of the problem

by one.

With the exact Green's function one knows, of course, the
solution of a given problem except for some quadratures. Let
us assume nevertheless that one carries out a method of weighted
residuals with the Green's function as weight function. Accordingly,
one assumes some form of the approximate solution which satisfies
the boundary conditions. It will depend upon a number (usually
very large) of unknown parameters. One then expressg@s- the residuals
within the flow field in terms of these parameters and forms the
integral over the residuals weighted with the Green's function for
which the singular point lies at a certain value of (x,y). Applying
Green's formula to the integral over the whole field with the
point (x,y) excluded by a small circle, one finds that the solution
at the chosen point (x,y) is expressed solely in terms of the
prescribed boundary values. One thus finds the exact solution
for the point (x,y) in spite of the fact that the residuals in the
field do not vanish. The Green's function with a singular point
(x,y) therefore constitutes a weight function which makes the
solution at the point (x,y) insensitive to residuals within the
flow field. 1Incidentally, in a nonlinear problem one must
consider the differential operator which arises by linearizing

the original partial differential equation for the vicinity of a

certain approximation, the so called Frechet derivative. The




Green's function pertaining to the Frechet derivative makes the
result for a certain point (x,y) insensitive against first order

terms in the residual.

If only an approximation to the Green's function is avail-
able, then the residuals within the flow field will give a
contribution to the expression for the solution at the point (x,y).
This contribution is, of course, small if the approximation to
the Green's function is close and then it is permissible to evaluate
the effect of the residuals with reduced accuracy. Actually, this
interpretation is not much more than the argument put forth
above. An approximate Green's function is available only in
special cases (mainly flows which are symmetric with respect to the
x axis). Further work, namely the solution of an integral equation
is necessary, if only an approximate fundamental solution is
available, but the main effect of the use of such weight functions

is the same.

The present report studies a second observation in considerable
detail. We shall interpret the integral equation approach to
transonic flow as a method of weighted residuals in which the
weight functions are given by approximate fundamental solutions
(and in favorable cases by approximate Green's functions). Each
choice of the singular point (x,y) in the Green's function gives
one weight function. In methods of weighted residuals one has
considerable freedom in the choice of weight functions. One can
therefore replace some of the weight functions which are used
in the integral equation method, by weight functions of a
different character. This makes it possible to combine the
integral equation method with finite element or finite difference
approaches. This is advisable in regions where the available
approximation to the ideal fundamental solution is poor.

One thus is led to alternative versions of Nixon's extended

integral equation method and, in a further extension, to an

improvement in the far field conditions for the lower transonic

range. This last development ought to prove useful even in con- ;4
|

junction with conventional finite differences approaches, for




it makes possilkle a reduction of the size of the portion of the

flow field in which the computation is carried out.

Section IITI of the report is a compilation of different
formulations of the problem in terms of differential equations.
Section IV is an overview of different integral equation formula-
tions. This seems to be desirable not only because we look at
the method in a different light, but also because most publications
treat the theoretical side rather briefly since they are mainly
oriented torwards the numerical aspects. One question is particularly
intriguing: does the integral equation method fully express the
shock conditions, or it is necessary to express part of the shock
conditions separately. Here physical intuition cannot be considered
as a reliable guide because of the global character of the integral
equation formulation. One may, of course, resort to numerical
experimentation, and this has been done in the past. But even for
those who are primarily oriented toward the computational practice,

the present analysis may provide reassuring background information.

Only the important results are compiled in Section IV. Details
are found in a number of appendices. To someone well versed in
the mathematical techniques used in this context, a more condensed
version would probably be sufficient, but, at least some of the
details are desirable if one wants to show the subtle differences
in the assumptions and in the arguments between different

formulations.

Section V considers the conditions that are to be imposed
at the transition from a subsonic to a supersonic flow at the
sonic line. 1In principle the condition to be satisfied has local
character and the global character of the integral equation
formulation is not too well-suited for this purpose. An
ingenious device has been introduced by Spreiter, which allcws
one to overcome this difficulty; its mathematical meaning will
be explored. The modifications of the method which are discussed
in the subsequent sections will probably make the use of this
device unnecessary, but it is of interest to see why it works.




Section VI describes the original form of the integral
equation method, the extension proposed by Nixon, and the modifi-
cations suggested by the present interpretation. Section VII
examines the relation between the integral equation formulation

and the far field conditions.

The present report does not claim to give a complete survey
of the integral equation method. Finer points, the extension
to three dimensional problems, and to problems in which small
harmonic oscillations are superimposed to a steady field will
not be treated. To carry over the ideas of the present repcrt
to problems of this kind is not difficult. 1In the practical
realization of the modification suggested here, experiences gained
in the past with the integral equation method ought to prove
useful.




SECTION III
PARTIAL DIFFERENTIAL EQUATIONS AND SHOCK CONDITIONS

The investigation starts with the potential equation
simplified for transonic flow:

2

(1 - M - «F) 7 +T=- =0 (1)

where X and y are Cartesian coordinates,® the velocity potential,

M the free stream Mach number, and « a constant which arises by a
development of 1 - (3;2/52) for the vicinity of the free stream

Mach number; a is the free stream sound velocity. For a free stream
Mach number one, « is equal to (y+ 1) where y is the ratio of the

specific heats. The equation is brought into a standard form by

means of the Prandtl Glauert coordinate distortion

y = (1 - M2)l/2§ (2)
X = X
and by setting
s = (1 - M%) 71g. (3)
One obtains
(L - ¢x)¢xx + @YY =0 (4)
or
¢, 2
J - = =
5§(¢x 5 ) + ¢yy 0. (5)

Eg. (4) shows that sonic speed occurs for by = 1.

In simplifying the shock conditions for transonic flow, one
retains the requirement that the momentum equation for the
direction tangential to the shock be satisfied. This requires

that the potential be continuous as one traverses the shock.

-~




The energy equation is always satisfied if one computes

the pressures from the Bernoulli equation. In addition, the
requirement of conservation of mass is retained. It finds its
expression in the potential equation. 1If one postulates that

across the shock, the potential equation ‘s satisfied in the

weak sense, then conservation of mass is guaranteed. This holds,

of course, for Eg. (5) as well as for the original potential equation,
Eq. (1). A fourth shock condition, preservation of momentum in

the direction normal to the shock, must be waved if one works

with a flow potential. The errors so introduced are of third

order in the shock intensity (expressed, for instance, by the ;
jump of the Mach number across the shock). This is in keeping )

with the approximation made in Eg. (1).

A method of weighted residuals amounts to the use of the
concept of weak equality. The shock conditions, therefore, appear
automatically, if one solves the potential equation by a method
of weighted residuals. A derivation of the shock conditions using

the concept of generalized functions (for which the concept of

weak equality plays a fundamental role) is shown in Appendix 1.

We quote the result in the following.

Let the shock be given by
X = xs(y)

+ .
and let [(H]_  the jump of some quantity, H, across the shock from
the upstream to the downstream side

H1t
(H} _ = H(xs(y) -, Y) - H(xs(y) + L,y) (6)

£ >0, e > 0, ’

Let 8 be the angle of the normal to the shock with the x-axis.
One has




Conservation of mass and continuity of ? across the shock are expressed

by

(¢, -

¢x2 ]+ + s
X 2

_ - [¢y]_ ay =0 (8)

and

(617 = 0. (9)

An equivalent formulation is obtained by introducing

. = u (10)

(The actual velocity components can be obtained from u and v by
the transformations Egs. (2) and (3).)

Then one has

u, = v (11)

and from Eqg. (5)

(o]

v = 0. (12)

W

y

The shock condition (8) then assumes the form

g - /26’1t - witax_say) = o. (13)

An expression equivalent to Eqg. (9), but in terms of u and v is
obtained by differentiating Eg. (9) along the shock

(14)
(ul(ax_sdy) + vl = o.

One might be tempted to derive Eq. (14) from Eq. (l11) by means

of the concept of weak equality, but Eq. (11) is not the expression
for the conservation of some physical quantity, although it has
divergence form. Such a procedure would therefore not be physically

justified, although it gives the correct result.




A formulation of the problem solely in terms of u, which

has originally been used in the integral equation method, 1is

obtained by differentiating Eq. (5) with respect to x. One obtains

32 u2 32
—= (u -3 ) + —u=0. (15)
Y 2 2 n. 2

o X (7y

In the approximation used in all of these derivations, the
boundary conditions at the profile are transferred to the x axis.
Along the upper and lower side of the profile the values of v are

ther given by the profile shape. 1In the formulation in terms of u

the values of uy = v, are known at the profile.

The shock conditions (13) are expressed solely in terms of

u by using Eg. (14). Using, in addition, Eq. (7) one obtains

2
[u}f - [% ]t cos?B = 0. (16)

To express Eq. (14) solely in terms of u, we differentiate

it along the shock with respect to y. This means we apply the

operator

One obtains

: dx : ax a® x
R + __s R} + s, 2 + 3 k)
3y {ul _ ay t 5% {ul _ (""—‘dy) +[ul _ —;}—j— + Ty [v]_
, X
(‘ + s —_
t =% [v]_ T - 0

Here Egs.(11) and (12) are used to eliminate v. One obtains

dx dx 2 2 62
; + R + + + X
J S { ]— ( S J <

sy Ml @ ot x dy’ T ixtv

2
2 - dy

[u-2 17 + [ul 5 = 0. (17)



Eq. (16} and (17) give the complete formulation of the shock
conditions. In practice one will probably avoid the formulation
solely in terms of u because of the complexity of the shock

condition, (Eq. 17).

If a u-field satisfying Eg. (15) {(but not necessarily Egs.
{16) and (17)) is known, then one can always construct a v-field
by the use of Eg. (11) and Egq. (12). One determines, along some
initial line x = const which intersects all lines y = const, the
velocity component v from Eg. (11) by an integration with respect
to y. It is best to choose this line at x = - %, There, all
derivatives of u are zero, and therefore v = 0. One then determines
v by integrating Eq. (l1) along lines y = const. This construction
cannot reach points which lie downstream of the shock. For these
points one must again use Eg. (l12), along a line x = +« to obtain
initial conditions for v. Again, one obtains v = 0. (Actually
some discussion of the behavior of uy at large values of y is

needed to arrive at this result.)

The differential equation in terms of u, Eq. (15), arises
from the equation for conservation of mass by a differentiation
with respect to x. Conservation of mass is therefore guaranteed
only if conservation of mass is satisfied along some initial line.
The construction of the v~field described here imposes this require-
ment and in this manner legitimizes the use of Eg. (15). Whenever
a u-field has been computed, one can assume that the pertinent

v-field is available.

10
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SECTION IV L)
INTEGRAL EQUATION FORMULATIONS ‘

In the following discussions a weight function denoted by

¢ will be used. The following expression has been chosen:

W(E-x, n-y) = (1/2) log((g-x)% + (n-y)?). (18)

The umbral variables operating in future integral expressions are
the variables ¢ and n which appear in this equation. They
correspond to x and y. Each choice of the point (x,y) defines

one weight function. The weight functions satisfy

=0 (19) &

except at the point (7,n) = (x,y). These weight functions may
appear unconventional because they change sign at (%{- x)2 +

(n—y)2 = 1 and because they tend to infinity if the argument is
zero or infinite. Actually, any weight function w(f{,n) can be

written as

W(EM) = eSS M(Eng)y () -6, Ny n)degdny (20)

where A denotes the Laplace operator and :l and n, are umbral

variables of integration. This is seen by a standard application
of Green's theorem to the equation ;
One forms

Assuming that w and its first derivative vanish outside of a

certain region, one obtains for the left hand side 27w ({,n).




This leads directly to Eq. (20). The set of weight functions
is therefore equivalent to conventional weight functions of
finite support (such weight functions are different from zero

only in a finite region).

We now substitute some function (again denoted by ¢) into
the potential Equation (5). If the differential equation is not

satisfied, then one obtains a residual. We evaluate the integral

over the residual weighted with the function y. The resulting
expression is denoted by Q(x,y). The arguments (x,y) in Q
refer to the same arguments in §. The independent variables

¥ and y in Eg. (5) are replaced by £ and n. Accordingly, we

form

Qy) = [f (5r (o= 8.2/2)) + 52 (0 )10 (E-x,n-y) dsan. (21) ]

After certain transformations which are shown in detail in

Appendix II, one obtains:
L

Q(x,y) = 2md(x,y) ~ [ v(Ex,-y) (¢ (&+0)=¢ (& -0)}ac

o (22)

w 2 .
+ g v, CEmx,my) (6 (£,+0)~0 (£, -0)dg +(1/2)fo '4)(E(E-x,r1—y)d>E (g,m)dta,

Here, 1 denotes the entire £,n plane punctured at the point (¢,n)

= (x,y). The profile extends along the x axis from x = 0 to x = L.
It appears as a cut in the ¢£,n plane. In the presence of a
circulation (denoted by I') the cut is extended along the wake
(again represented by the x axis). The arguments + 0 and - 0

refer to the limiting values assumed by n as one approaches the

cut.

Eq. (22) does not contain explicit contributions due to the
shock;: the shock conditions are included by the use of the concept of
weak equality which is inherent in a weighted residual formulation.

A failure to satisfy the shock conditions registers in the expression

12




Q in the same manner as a failure to satisfy, in a certain region,

the partial differential Eq. (5). If one chooses to exclude the
shock from the region & by a cut, then the first expression is
modified in the following manner. We denote by Q' the region
cut along the shock and by Q' the pertinent function Q. The
region 2'has the two borders of the cut as part of its boundary.
Then

Q' (x,y) = QUx,y) + JU(E (M =x,n-y) (Lo (E () ,m 17 -3reZ (c (), r1?

-1, (S (m, n1l(@e /dn) Jan (23)

=1 L (5 () n Dl (£ () =X, n=y) =¥, (5 (M) =X, n-y) (&€ /dn) Jdn.

The integrals are extended along the shocks in the positive n-
direction. The second integral vanishes if ¢ is continuous
along the cut. The first integral vanishes if the shock con-
ditions Eq. (8) are satisfied. 1In principle, continuity of the
potential and conservation of mass are separate postulates, if

the shock is excluded by a cut.

In a symmetric flow pattern, one has
¢ (L,+0) = ¢(£,-0) and ¢n(&,+0) = —¢n(€,—0)

and the second integral in Eq. (20) vanishes. ¢n at the
profile is given in any case by the boundary conditions. Re-
writing Eq. (22) one then obtains
L
Q(x,y) = 2ne(x,y) -2/ w(i-x,—y)¢n(i,+0)di
? (24)

+ (1/2) [Iy.(5=x, n-y)¢2(,niasdn.
Q <, <,

The same equation is obtained for a symmetric flow if one con-

siders only the upper half plane and uses instead of § the Green's

function (whose n derivative vanishes at the axis)




N =

(¢ (f~x,n~y) = y(f=-x, n+ty)).

Eq. (24) is particularly simple because the ur tnown function

appears only in the double integral.

In the usual integral equation method the direct use of
the velocity components u = @X and v = ¢y is preferred. This
is convenient because u and v are of direct physical interest.
These equations are obtained by differentiating Eq. (22) with
respect to x and y. Details are shown in Appendix III Egs. (Al8)

and (Al9). One obtains:
L
Qx(x,y) = 2ru(x,y) + J (v{{,+0)-v(,-0)) v, (5-x,-y)d®
| O ta .
| L
‘[ + (u(€,+0)-u(€,-0))f:‘n(E—x,—y)dé‘, (25)
! 0

-(ﬂ/2)u2(x,y)-l/2 ffuz(i,n)utg£~x,n-y)d&dn
0 3

4 L
% Q, (x,y) = 21V (x,y) + L (V(L,40)=v(£,=0) ¥ (I-x,~y)df
i 0
| L
- J(ug,+0)-u(g,-0)) v, (E-x,-y)d7 (26)
(@] >

-(1/2) S5 w5, M, (F=x,n-y)dedn.

Q

Here, as before, . refers to the {,n plane punctured at the point

(¢,n) = (x,y). The first integral on the right in each of these

'

% expressions is known because v is given as boundary condition.

! The second integrals do not extend over the wake. The last terms
arive by differentiation of the double integral with respect to
x or . If one omits these terms then one obtains the integral
equations of the linearized problem; and, for the symmetric flow, i
even its solution. The terms wgg and wén which occur in the

double integral are singular at (f,n)= (x,y). One cannot tell in

advance how significant the double integral is in comparison to the i




terms (n/2)u2(x,y). Nixon has found by numerical experimentation
that a useful starting approximation for an iterative solution is
obtained by omitting the double integral.

In a method of weighted residuals based on Eq. (21), one

postulates that the expression Q(x,y) vanishes for all weight

functions (this means for all values of x and y). In a method of

weighted residuals based on Eg. (25), one postulates :
that Qx vanish for all values of x and y. At the end of Appendix
IT it is shown that Q is continuous at the shock. Equivalence
between the formulations (Egs. (2])and (25)) is therefore obtained
if Q = 0 along some initial line which intersects all lines y =
constant, for instance a line at x = - ~, In this argument Eq.
(26) does not play a role. 1In practical computations Eq. (26) 1
may well be useful for the determination of the v field, but in
theory the irrotationality condition Ve uy serves equally

well.

Eg. (25) can be derived from a number of different (although

related) postulates. The flexibility in viewing the problems so
obtained may sometimes be useful. 1In Appendix IV it is shown
that Eq. (25) constitutes the weighted residual expression (not
only the x derivative of such an expression) if one applies the

weight function -y, to the potential equation.

Appendix V uses the formulation of the problem in terms of
the velocity components u and v. It is shown that the expression
(25) is obtained by applying the weight function -y_. to the

equation of conservation of mass, Eq. (12).

Appendix VI shows that Eg. (25) is obtained by applying the
weight function y§ to the formulation of the problem in terms of
u, Eq. (15). These results are not unexpected. However, the
manipulations bywhich they are substantiated are not entirely

straightforward.

Eg. (25) gives the integral equation formulation solely in
terms of u and v. There is, however, a conceptual difficulty.

In deriving this equation one has assumed that u and v are partial
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derivatives of a potential. The existence of a potential is

guaranteed if one constructs the v field pertaining to a given u
field in the manner shown in Section III, for this construction

is based on the irrotationality condition uy = V- The continuity
of the potential at the shock is expressed by the jump condition
Biq. (14). The other condition to be observed at a shock is con-
servation ot mass, expressed by Egq. (13). One will ask whether

the integral equation formulation derived from Egq. (25) encompasses
these two conditions. One might be inclined to dismiss this

question by the observation that a serious error in the formulation

of the problem as the omission of a shock condition would have

been discovered during many practical applications made with the

method. The theoretical answer is given at the end of Appendix V.

The two shock conditions are indeed satisfied, provided that the ”

expression Eq. (25) vanishes for all values of x and vy.

Appendix VII gives even more specific information. It shows
that the shock condition, Eq. (13), which expresses conservation
of mass is already satisfiedif Qx vanishes for points (x,y)
immediately upstream and downstream of the shock. For points
(x,vy) for which Eq. (26) is satisfied immediately upstream and
downstream of the shock, one finds that a certain linear com-

bination of the shock condition, Egs. (13) and (14) 1is satisfied.
These results are not restricted to normal shocks.

There is no need to introduce separately shock conditions
if one uses Eq. (25). To the contrary, if one would express the
shock condition a second time by an independent postulate one
might introduce ill conditioning into the formulation of the
problem, because in the discretization which is always needed in
practical work, one may inadvertently express the same conditions

*
in two forms which are not completely identical.

*The procedure proposed by Nixon in Ref. 6 might lead to this
difficulty. The condition Eq. (29c) in this reference is a con-
sequence of conditions Eq.(29a) and (29b) and can therefore not |
be used. In a later publication, Ref. (8), an equation corresponding |
to Eg. (29c) does not appear.




SECTION V
CONDITIONS AT THE SONIC LINE

In nearly all approaches to transonic flow (finite differences,
finite elements, integral equations methods) one uses, implicitly
or explicitly, the concept of weak equality. It is possible that
expressions which solve a partial differential equation in the
weak sense, fail to satisfy it pointwise, In the transonic
case, solutions containing an expansion shock in addition to a
compression shock thus become possible. One must introduce into the
numerical approach the requirement that expansion shocks are not
admitted. 1If one has an approximation to the flow field with a
smooth transition from subsonic to supersonic flow and one studies
perturbations to such a solution, then one finds that there are
particular solutions which contain at the transition point, a -
logarithmic singularity. Only in the weak sense can expressions
with such a singularity be regarded as solutions. Physically such
perturbations are not admissible. One must impose the condition
that at the sonic line the partial differential equation is
satisfied in the strong sense. In the two-dimensional case this

is simply expressed by the requirement that
Q = 0. (27)

It is shown in Ref.l]l that the sonic operator used in the Murman

Cole procedure can be interpreted in this manner.

In the framework of the integral equation formulation, the
condition of a smooth transition through the sonic line is
expressed in very ingenious but a rather indirect manner which
has been introduced by Spreiter (Ref.2). 1In all integral equation ‘
methods one postulates, of course, that the weighted residual i

expression (25) be zero. This expression is written in the form 3

u - u2/2 = R P

or

17




u2 ~ 2u = -2R. (28)

This is a quadratic equation in which the right hand side contains
the unknown function u. In the iteration procedure used to solve
this problem the right hand side is evaluated from the preceding

iteration step. Solving this quadratic equation, one obtains

u=1=*+ /1-2R . (29)
We mentioned before that at the sonic line u = 1. Therefore, one
must have
R =1/2. A

Besides, in order for u to be real upstream and downstream of the
sonic line, R must have a maximum at the sonic point. One therefore

has

3JR/3dx = 0.

(In the subsonic region one then uses the lower, in the supersonic

region the upper sign in Eo. (29)).

If the maximum of R is smaller than 1/2, then U will
never reach the value 1, and the transition from a subsonic to
a supersonic flow can occur only in the form of an expansion
shock. This formulation expresses indeed the requirement that u
reaches the value 1 as one approaches the supersonic region from

the subsonic side upstream.

In an iteration process there is always some arbitrariness
regarding the terms relegated to the right hand side. The form
of Eg. (25) might suggest that one uses (instead of Eq. (28)), an

equation of the form

)
u - u /4 = R.
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u = 2 ‘v4-4—§.

Here one finds that R must have a maximum at 1 in order for u to
pass smoothly through the value 2 along a line y = constant. Of
course, such a postulate is without interest, but one sees that
only for a special choice of the iteration procedure will Eqg. (28)

yield conditions for the sonic 1line.

Spreiter and Oswatitsch, and Zierep and Nixon have devised
workable procedures to incorporate this condition into the
integral equation method. Yet, it has a somewhat artificial
character; a combination of the integral equation method with
finite difference or elements methods which becomes possible, if
one regards the finite element method as one of weighted residuals,
can lead to a more direct expression of the conditions at the

sonic line, based on Eq. (27).

Nixon in Ref. 8 has given a formulation similar to Eq. (28)
for the vicinity of the shock. Dividing Eq. (16) by [u], one

finds

. + -
where we write temporarily that u and u for the values of u,
respectively, upstream and downstream of the shock. For the normal
shock (8= 0) this amounts to an approximation to the Prandtl

relation

where w+ and w denote the velocity upstream and downstream of the
shock and a* is the sonic velocity. It follows that in a

formulation of Eg. (25) in the form

2, 2

u - ({cos

3)/2) u® = R.




R is continuous through the shock and the values of u obtained in
each ilteration step by solving this quadratic equation are

connected by the proper shock relations.




SECTION VI
THE INTEGRAL EQUATION METHODS AND SOME EXTENSIONS

So far we have discussed expressions for weighted residuals
formed with the weight functions . If one has an expression for
¢ (or for u and v) for which the original differential equation
and the shock conditions are satisfied, then the weighted residuals
Q (or Qx) will vanish for all values of (x,y). One will remember
that (x,y) are the parameters which characterize the individual
weight functions. In practice the condition QX = 0 (Eq. (25))
will be imposed only at selected lines or selected points of the
flow field. One can hope that the desired technical information
(the pressure distribution over the profile) can be obtained by

the use of a relatively small number of values (x,y), because -the

weight functions used here (approximate :undamental solutions)
have the property of making the expressi...s QX fairly insensitive

against errors in the residual.

In the original form of the integral eg.ation method the
condition QX = 0 was imposed only for points of the profile, or
perhaps points of the profile and some points of the x axis up-
stream and downstream. The expression Qx Eq. (25) contains,
besides local terms and expressions which can be computed from
the boundary conditions, a double integral which contains values
of u from the flow field. This is the only term in which a
failure to satisfy the differential equation or the shock conditions
appears. The valuesof u which occur in this double integral are
now approximated in terms of the values of u at the x axis. Here
one uses, besides the values of u, the values of uy given at the
profile by the boundary conditions, and, if one wants to have a
better approximation, the fact that at the x axis (as everywhere
else) the differential equation for u must be satisfied. The
expressions which one chooses must vanish sufficiently quickly
as one goes tc infinity. From a practical point of view one
prefers to chcose formulae for u for which one of the integrations

needed in the double integral can be carried out analytically.
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Ultimately the double integral is reduced to a single

integral which contains as unknowns,only the values of u at the

points of the x axis under consideration. Substituting these
epxressions into Eqg. (25) and for unsymmetric problems also in
Eq. (26) one obtains one or two integral equations, which are
subsequently solved by iteration. Under favorable circumstances
the contribution of the double integral is small and one obtains
in this manner results for the pressure distribution over “he

profile which are of sufficient accuracy for technical purposes.

A very attractive feature of this formulation lies in the
tact that the possibility of the occurrence of shocks (in this
approximation normal shocks) is put into evidence, if one solves

Eq. (25) formally as a quadratic equation.

In cases with an embedded supersonic region u is definitely not
small. At the sonic line one has for instance u = 1. A more
accurate determination of u is therefore desirable. One can, for
instance introduce for u(x,y) within the field expression which
satisfy at x = 0 the partial differential equation for u and also
the first few of the derivatives of the differential eguation with
respect to y. This procedure is limited by the complexi*y of

the expressions for u obtained in this manner.

To achieve a more accurate determination of u, Nixon and
Hancock impose the condition Qx = 0 not only along the x axis
but also along some lines y = constant within the field, and thus

obtain a considerable improvement of the method.

According to the interpretation given in the present rerport,
one then uses weight functions ¢ pertaining to inner points
(x,y) of the flow field. The author believes that other weight
functions may serve equally well, if not better. To obtain good
results for the pressure distribution at the profile by the
extended integral equation method it is, of course, necessary that
the residuals at points close to the profile be small. The weight

functions ¢ take into account residuals throughout the flow field,
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the local residual at a point close to the profile may fail to
vanish although Qx = 0 at the point (x,y) under consideration.
For points in the vicinity of the profile where u is not small,
the use of a localized weight function therefore appears to be
preferable to tl.e conditions obtained from the integral equation
formulation. Following this idea one uses finite difference or
fini_.e element formulations for a region which extends somewhat

beyond the supersonic region.

Such a procedure has cne additional advantage. The
expressions QX contain contributions from all points of the flow
field at which u is to be determined. 1In contrast, a finite
difference formulation connects the value of u at a certain point
(x,y) only with values at neighboring points. For numerical

purposes this is a significant simplification.

One thus arrives at a hybrid procedure. For those parts of
the flow field where u is smali, one may take advantage of the fact,
that the use of weight functions yields equations in which a
dominant portion is directly expressed by linear theory, and the
remaining nonlocal (and nonlinear) terms are small. For these
expressions it may suffice if one describes the values of u which
appear in these correction terms by means of a very small number
of points (x,y) within the flow field. 1In the portion of the flow
field where u is not small, one uses a finite difference or a finite
element procedure. In this region one may even replace the simpli-

fied potential equation (Egq. 1) by a full potential equation.

Accordingly, we divide the flow field into an inner region
in which we use a finite difference and a finite element procedure,
and an outer region in which one uses the integral equation
formulation (Figure 10). The inner region extends beyond the :
embedded supersonic regioun, but still it may be fairly small. The
boundary of the region in which the integral equation formulation
is applied is no longer confined to the x axis along this boundary, i
the values of v as well as the values of u are unknown. The
derivations shown in the Appendix include cases of this kind. One

obtains the following expression, Eq. ("17):
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0, (6,y) = 20(u(x,y) = (1/)u’(x,y) + [y (y. AL + ,/an)
X RV & n
] 2
- u=(1/2)u%) ¢ dn - uy_dn (30)
30 8 n
2

- (1/2 ffwg;u df dn =0

Here the region ;) is the part of the flow field in which
the integral equation formulation is applied, punctured at the
point (x,y). If (x,y) is a point of the contour of the region
in which this formulation is applied, then one must carry out
a limiting process particularly in the second integral over 3.
The result is found in Eq. (A48). It is probably practical not to
consider the boundary ) in Figure ll as a line which separates
different regions of the flow field and for which a matching of
the solutions must be carried out, but rather as a line which
separates regions in which the residuals are weighted in a different
fashion. For points of this boundary one may apply either the
weighting of the residuals by means of the integral equation
method (in this case one would apply Eq. (A48) ov one may use the
weighting applied in finite difference methods. Practical
experience must show which procedure is more practical. One has
the choice of including in the integral equation formulation the
residuals that are due to the inner region (they are presumably
small because one postulates that their local averages be zero);
then the boundary between the two regions does not appear in the
formulae, and the region ¢ covers the entire flow field. Alter-
natively one can define {§ to be only the outer region. The latter

form is probably preferable.

Because of the nonlinearity of the problem iterations cannot
be avoided. But even in extensions of the method where one deals
with linear equations one will probably use iterative procedures in
the outer region because the number of unknowns is fairly large and
the matrices which appear are not sparse. It can be expected
that such iterations converge well. In the inner region one will
also use iterations (for instance the Murman Cole iteration) at

least in the initial stages of the procedure . After an initial
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approximation has been attained one might think of a Newton

procedure, in which the individual linear equations are solved by
direct elimination. So far these important practical aspects have
not been explored.
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SECTION VII
INTEGRAL EQUATION FORMULATION AND FAR FIELD CONDITIONS

In practice the field for which a numerical procedure is
actually carried out is finite. The effect of the field outside
of its boundaries can be approximately taken into account by
means of the integral equation formulation. For this purpose it
is, of course, necessary to express the values of u in the distant
field (that is outside of the boundaries of the computed field)
in terms of the value of ¢ and ¢n or alternatively of u and v,
at this boundary. The situation is analogous to that encountered
in the original integral equation method, except that in the
distant field the values of u are smaller and therefore the
approximation is less critical. Of course, in this case the
values of O are not known in advance. If one chooses to use
finite difference or finite element methods throughout the
computed part of the flow field, then the integral equation
formulation serves solely to formulate far field conditions.

In deriving the usual far field conditions one assumes
that in the distant field the linearized potential equation is
satisfied. 1In the formulation arising from the integral equation
formulation also nonlinear terms in the flow differential
equation for the distant field are taken into account. This is
an improvement which ought to make it possible to reduce the size
of the portion of the field in which the actual computations are

carried out.

Source terms appear also in Klunker's formulation of the
far field conditions (Ref. 12), but these sources lie within the
computed parts of the flow field, while in the distant field

it is assumed that the linearized potential equation is sufficiently

accurate.

A first formulation of the far field conditvion is obtained
from Eq. (A6). Here @ is the distant field and 392 its inner

contour. This equation is evaluated for o« = 1. We quote:
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wng (x,y) + Lo Cmxon=y) [0 (E,mdn = b (F,m)an)
e,
- [ (g, (b, (E~x,n-y)dn - wn(ﬁ-x,n-y)dil ]
3%, (31)

- T(w - O(X‘Ll,y'_n)

~(1/2) IS w(E-x,n-y) Fo(62(£,m)dEdn = 0 |
Q £ heY

Provided that one has an ipproximation for the double integral

one obtains a global relation between ¢ and its normal derivative 4

along aQ The expression contains a term due to the circulation.

2¢
A form which comes closer to the far field conditions J
derived (for more general problems) in Ref. 13, is obtained

if one chooses the point (x,y) inside of the boundary 39 One

¢
then must set n« = 0 in the last equation. The expression so

obtained agrees with Eg. (39) of Ref.1l3 except for the con-
tributions of the nonlinear terms in the distant field 2, and

of the circulation. The latter term is missing because the author
considers in this reference the potential after =-he contribution

of the circulation has been subtracted.

To obtain, in the notation of the present article, an expression
where ¢ denotes the potential with the circulation included, one

writes Eg. (39) of Ref. 13 in the form

J Lo,y =1 {(L/2) - (u(f,n)y/2n) 1 {(~y, (i~x,n-y)dn
t1e ”

"2

+p (£, n=y)dc ) - fw(a-x,n—y>{-§%-[¢(a,n) - T{(1/2)

0522

- 6(&,n)/2n1}dn + 33 [6(&,n) - TL(L/2) - ¢(g,n)/2n1188)r = 0

Hence,
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¢(i.n)[—¢;({—x,n-y)dn +wn(£—X.n—y)dE]
0 -
2

- r v(i-x,n—y)[-ég(F,n)dn + ¢n(i,n)df]
YY) ’
2 (32)

-r{ /  «1/2) - (65 m)/2MEY, (£-x, n-y)dn +wn(€-x,n-y)dél

a
QZ

=S (Emx,nmy) [= 5= (1/2)-(0(E,0)/2m))dE
20 e
2

+ =5 ((1/2) - (85, /2m)aglt = o

Now one observes that 4(f5,n) as well as U (£-x,n-y) satisfies
Laplace's eguation in the region Q . (One will remember that
the singular point (x,y) lies outside of the region {.) The two
integrals with the factor ' extended over the whole contour 3Q
therefore give zero. This contour ccnsists of the large circle
DQl, the contour separating the distant field from the computed
part of the flow field 392, and the two borders of a cut along

the X axis Ji1,. It is shown in Appendix II that the integral

3
3@1 vanishes. One therefore has
i = - f
8522 0S23

Most terms in the integrands vanish, since 893 extends along the
X axis; one obtains

a0

+ 0 J [(1/2)= (8(g,n)/2m) 1y (E-x,n-y)dE = T Jy (£-x,n-y)df
290, £ Ll‘

= =~ (n- o(x-Ll,y))

Hence, from Eq. (32)
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! ¢(£,n)[—w{(f-x),n—y)dn +¢”(&-x,n—y)di}
392 ‘

- J g E-x,n=-y) [ ~¢.(£,n)dn + ¢n(€-x,n-y)d€] (33)
30, ’

~I"(n-B(x - Ll,y)) = 0.

This is Eq. (AS) for « = 0 but without the source terms,

Source terms in the Laplace equation can be included also in
the procedure of Ref. 13. One may do this by inspection, or
by the following rationale. One divides the distant field into
a very distant field in which no source terms are presented and in
a moderately distant field in which sources play a role (Fig.1ll)
The inner boundary of the very distant field consists of a portion
denoted hy 8@6 and a cut along the x axis extending from L, to

infinity. Eq. (33) holds along 39

2
‘rather than 892) which is,

of course, the outer boundary of tgo moderately distant field.

Now one applies Green's theorem to Eq. (5) with the weight function
y(5-x,n-y): (x,y) outside the very distant and moderately distant
fields. Using Eq. (33), one arrives at an expression in which

only the contribution of 3R, occurs. This is Eg. (31) with a= 0.

2
If one solves for the inner field iteratively, by means of
a Murman Cole iteration, say, then one needs local rather than

global boundary conditions along 3Q To obtain such conditions

5
we follow the argument used in Ref. 13.

Assume that we possess in the distant field a solution of

dpx * ¢YY T alxy) =6

where as always

We define an extension of this distant field throughout the

inner field which satisfies ¢ = 0. (Because of the

XX * ¢)yy
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0f¢his shown in Appendix VIII. We repeat the definitions and the i

presence of the circulation one needs a cut along the x axis

also in the inner field.) The values of ¢ match at the boundary
between the inner and the outer field. There will be a jump of

the normal derivative at the boundary between the two fields. This
jump can be represented by a source distribution with the unknown
intensity f(s) (or f(v)) where s (or o) measures the distance

along the boundary line. One thus obtains

vx,y) = (207N 7 Flo) g (F(o) -x, n(o)-y) do

AN (34)

+ Slglamye (8 =x,n-y)didn T ((1,/2) - 0(x(s),y(s)/2m)

il

Here 7 denotes the distant field and 392 its inner boundary, the

cut along the positive x axis is not part of 892. The form in

which the circulation enters is taken from Appendix II. It does not
matter whether one writes 0(x,y) or 0(x-L,y) as long as the point
where ¢ 1is singular, namely x = L,y=0, lies outside of the distant
field (inside the inner field), for in the distant field, the

difference ¢(x-L,y) - 6(xX,y) can be represented by

I t(o) ¢ (5(0)-x, n(o)-y)do.

an
A change of L therefore amounts to a change of the function f(s).

The last expression and its normal derivative are evaluated
for points x(s) and y(s) on J3{, the boundary between the distant
field and the inner field for which the differential equation is
integrated numerically. The function f(s) must be determined in
such a manner that the value of ¢ and ¢n from the outer field };
and from the computed part of the flow field match. The last

equation can be used directly to determine ¢. The evaluation

result. Let F£(s) be the angle of the contour 3@ of the distant

field with the x axis. Then one obtains, according to Ea. (A52)
and (A53),
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o, (x(s),y(s)) = (£(s)/2)

+ 2m7h {1 ~E(0)y_(0,x(s),y(s))cos (B(0)-B(s))do
a2

+ 7 -f(O)wt(O,X(S),y(S))sin(B(O) - B(s))do
an

-cosB(s) S/ q(i,n) b (E-x(s),n-y(s)dsdn
. . (35)

+sinB(s) ﬁfq(E,nmkgé—x(s), n-y(s)dédn
0

=(T/r(s))sin (f(s) -6(x(s),y(s))}

=M= 7 £(0) v (0,x(s),¥(s)sin(B(0)-B(s))da
oL
+ J £(0)i (0,x(s),y(s) cos (f(0)-B(s))do
3Q

(36)
-sinB(s) // q(i,n)wn(i-x,n-y)didn
Q

+cosB(s) S S q(i,n)lbn (5=-x,n-y)drdn
Q
-(I'/r)cos(B(o) -9(x(s),y(s))}

where

r(s) = (x(s)2 + y(s)2)1/2

8(x,y) = arctg(y/x), 0 < o <2m (37)

‘{/n(U;X,Y) ='4"{(5(‘J)-X'n(0) "Y)COSB(O) +¢/n(5.(0)-X,n(G—y)SinB(G)

wt«»x,y) =y (E(o)-x,n(O)~y)sin6(o)—wn(i(0)—x,n(O)-y)coss(O)

g
For special choices of the contour (8= 0, or R= 1/2) this
expression will simplify greatly. Some remarks regarding the
approximation of g (in essence of u2) which occur in the double
integrale of Egs. (31}, (34),(35), and (36) will be mace in the
next section.

These formulae will be used in the following manner.

Assume that one has an approximation to the function f(s). One
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then computes the values of $ and ¢n from Eq. (34) and (35).

In ¢+, one omits the contribution of the circulation. Using the
value of ¢ as boundary condition at the outer edge of the
computed flow field one computes the inner field, for instance
by the Murman Cole iteration. It solves Eg. (5) with the
boundary condition assigned at the profile and determines the
circulation " so that the Kutta condition is satisfied. The
expressicn for & at the outer boundary must be modified if the
circulation is modified. From the computation in the inner
region one extracts the values of ¢n at its outer boundary,

but without the contribution of the circulation. Let ¢

n,inner
and be the value of ¢n (with circulation omitted) for

‘n,outer
the respective fields. A correction 4f(s) to f(s), which can be
expected to lead to a convergent procedures, is then given by

Mi(s) = (s) = ¢ (s). (38)

N &,
n,outer n,inner

This discussion refers to computations in terms of the
potential ¢. The procedure for a procedure in terms of the
velocity components u and v is very similar. The counterpart to
Eq. (31) is Eq. (a48), 1if (x,y) 1s taken on the boundary between

the inner and outer region, and Eg. (A43) with o« = 0 and r=0 if
(x,y) 1s taken in the inner region. We quote:

- o Gexonmy) (ule,n) - (1/2)U2({',y])]dn - v( ,ndg 1
Wy
+){ 9n(i-x,n—y)[u(;,n)dg + v(s,n)dn) (39)
b2
~(1/2) iy tiex, out(s,m)didn = 0

{x,y) in the computed region, and

32

s "“'*'(‘ﬁ‘ o




1lu(x(s),y(s) - (1/2) sin’g(s)u’(x(s),y(s))]
- e 2 2 ‘ ‘
vo tulio),nlo))y= (1/2)cos™B(s)u” (* (c) ,n)h, (T0)=x(s),r (")
- y(s))do + S [v(5,n)-(1/2)sin £(s)cosi(s)u? (2 (), n(s))] (40)
‘~12
ve (£(0)x(0))do =(1/2) [fu,  (2=x,n-y)u® (4,mdrdn = 0
7 in the punctured outer region, (x,y) on the countour "i,.

Notice that in these eguations a contribution due to the circula-
tion does not appear. (This holds only for the steady problem;

in the unsteady problem u is not continuous acrcoss the wake.)

An alternative formulation, in which the distant field is
represented by a source distribution in its interior and at its
inner boundary is possible, also if one works with u and v.

One computes for an approximate function f(s) and an approximate
circulation the values of ¢n and ¢t at the inner boundary of the
distant field from Egs. (35) and (36) and then expresses @t in
terms of u and v. The inner field to which the finite difference
procedure is applied is computed with the values of Py (expressed

i in u and v) as boundary condition. At the outer boundary again an

adjustment of the circulation is needed. The subsequent procedure

is the same as before.




SECTION VIII
APPROXIMATION OF u IN THE DISTANT FIELD

In application of the far field conditions an approximation
for q(x,y) = (1/2)'(u2)/”x is needed for the distant field. One
wants the computational effort for deriving such an approximation
to be small. On the other hand the purpose of the far field
conditions is to reduce the size of the portion of the flow field
in which arccurate computations must be carried out, and for this

purpose a good approximation for g in the distant field is needed.

The problem of approximating g is of the same nature here
as in the original formulations of the integral equation methods.
But there one has sor = simplifying features. The boundary conditions A
for the profile are prescribed along the x axis. In the case of
a symmetric flow field the solution for the linearized problem is
directly expressed by quadratures. Unsymmetric flows are more
complicated but at least the linearized flow field can be computed
once and for all. In the present case the inner contour of the
distant field is likely to be a rectangle. Along this boundary
neither the normal derivative nor the potential is known. By
the computation carried out in the inner field one obtains at the
inner boundary of the distant field only a relation between the
two quantities (or other related data, for instance, the velocity
components u and v), and this relation changes from iteration to
iteration. The relation so obtained must be combined with the
far field conditions. Then one obtains ¢ and ¢n or u and v at
the boundary. These are the quantities on which the estimation

of q in the distant far field must be based.

At this stage the experience gained with the classical
integral equation method may be helpful. To give an idea of

what one might do, 1 describe here a procedure which has much in

common with Nixon's extended integral equation method. For

simplicity we assume that the inner contour of the distant field
is given by two lines y = constant at some distance above and

below the profile (Fig.12). The computed part of the flow field ;4
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would then be a strip in the x,y plane. In practice one will,
of course, cut off the strip by lines x = constant:; then one
| needs additional conditions for these lines. We restrict ourselves

to the simpler problem and derive expression for the upper part of
the distant field.

Let Yy be the value of y for the inner boundary of the
distant field. Assume that u is known at y = Yq and at another
line y = Yoi Yo 7 Yy Along lines x = constant, u is then

approximated by

- T Y a(x) b (x)
ulxey) = 3 N 2t T3 -

(y™+x™) y y

The first term is due to the circulation, the values of a(x) and
b(x) must be determined in such a manner that u assumes the

desired values at the lines y = Yy and y = Yoo It is consistent

with the character of the approximation if we simplify the last

equation to

U -1

a(x,y) = =y = + a(x)y % + b(x)y >

of course, with modified functions a(x) and b{(x). One obtains

u(x,y) = I/ (2mny) (41) o
H(ymy,) T (llaty)) - (7 2ry)) )y - ulxy,y) - (T/(28y,) )y, 1y T2 |

. 3 - 3,..-3
Hi-(ulx,y ) -0/ (2my)))y1y, + (Ulx,y,)=(1/(21y,)) )y v5ly 7}
as can easily be verified. For other contours one might think of

approximations of a similar character.

Assume now that we carry out a procedure based on Eq. (34).
There one carries out an iteration for the computed part of the
flow field in which the function f(s) changes in each iteration
step. We want to determine an approximation to g(x,y) based on
Eq. (41) which pertains to a fixed function f(s). This is done
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iteratively. Assume that onc¢ has some approximation to g. One
then uses Eq. (34) to evaluate u for y =y and Ve One has
specifically:

Wixey) = (207N = 7B, (6(0) - x, y -y do

o ) (42)

-] q({,n)¢€(&—x, n-y)dé&dn Jri‘r(x,y)_l sint (x,y)]

These values of u are then substituted into Egq. (41), and with
this equation values of q throughout the distant field are
defined. With these values the computation is repeated. Of
course, with a more complicated inner boundary of the distant
field, the formulae for computing u at the pivotal lines of the
distant field will become somewhat more complicated and one will
in some regions use, instead of Eg. (41), somewhat different

interpolation formulae.

It is likely that only very few iteration steps will be
needed. The values of g so obtained are then used in the
iteration process for the computed part of the flow field des-

cribed in the preceding section. The key formula is Eqg. (38).

The form of the far field conditions just discussed is
probably best for steady flows because they yield local boundary
conditions for ¢ (or ¢,} at the outer boundary of the computed

flow field.

t

Because of their global character the far field conditions
Eq. (31) can be used only for linear problems; for the number
of simultaneous equations which one must solve is too large.
Such linear problems arise if one tries to improve a sufficiently
close approximation to the solution by a Newton-Raphson procedure,
or if one computes small periodic disturbances to a steady flow
field. In the latter case one may be forced to use these global
conditions if the frequency is too high or the Mach number is
too close to 1. (The question of how important such cases are

for technical applications is left open.) We sketch the procedure

applicable for these global boundary conditions.
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One chooses, as solution strateqy for the inner region, a
procedure which yields, actually as an intermediate step, relations
between the potential and its normal derivative at its outer
boundary. These relations are combined with the far field
conditions in their global form, Eq. (31). At this stage one
must use some approximation for g, for instance q = 0. One
then obtains the values of the potential and its normal derivative
or rather the velocity components u and v at the outer boundary
of the computed field (which is, of course, the inner boundary
of the distant field). One then uses Eq. (Al7) (with approximate
values of u2 in the field to compute u for y = Yor Eq. (Al17)).

Znu(x,yz) +q{ u(&,yl)
'.Au2
+ V(E,yl)[m;(i—x,yl-yz)di -(n/2)u2(X.y2)
30 :
2

- (1/2) 1f wt(E,m) ¢, (F-x,nmy)didn,

wn(g-x,yl—yz)di

s

(
i

The values so obtained u(x,yz) together with the values of
u(x,yl) with which this step starts are then substituted into
Eg. (41) and the expression for u so obtained is used in the
global form of the far field conditions, Eg. (31). Because of
the changes in g which occur in this procedure, one will now
obtain new vaiues of u and v at the outer boundary of the
computed field and with these values the approximation to the

values of u in the distant field is improved.

We mentioned above that the procedure will be applied either
to linear or linearized problems. Accordingly, there will be
a linearization also in the far field conditions. It will
depend upon the special circumstances whether a direct or an

iterative approach is then preferable.
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h SECTION IX
CONCLUDTNG REMARKS

The report explores the integral equation method from a
theoretical point o. view in some depth, but without losing sight
of its practical purpose. It is shown that the integral equation
method can be regarded as a method of weighted residuals with

rather unconventional weight functions.

The resulting equations contain terms obtained from linear

theory which are solely determined by data at the boundary of

the region under consideration and further nonlinear terms which
depend upon flow field data. These latter terms are of smaller
significance and can therefore be evaluated with reduced accuracy.
In the original form of the integral equation method these field
terms are approximated by means of boundary data. This method is

particularly valuable for purely subsonic flows.

In the transonic region, nonlinear flow field data from the
interior gain importance. To evaluate these data Nixon uses
again the formulation of the integral equation method. Since the
primary goal is to make the residuals in the partial differential
equation small in the region close to the profile, it appears
preferable to use these formulations which use local weights rather
than the global weights of the integral equation method. Accordingly,
the present paper advocates hybrid methods in which the integral
equation formulation is used at points where the nonlinear terms
are of small importance while finite difference or finite element
methods are used in the region close to the profile. Such a
procedure makes it possible to formulate the shock conditions and
the conditions at the sonic line in a local form, which is closer
to the nature of the problem at hand. The form in which these
conditions are expressed by the integral egquation method is very

ingenious, it 1s true, but still somewhat awkward.

In an extreme development one uses the idea of the
integral equation method only in the distant field in order to

derive boundary conditions at the boundary between the distant
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field and the computed part of the flow field. The far field

conditions found in the literature assume that in the distant
field the linearized potential equation holds. The method
proposed here borrows from the integral equation method the

idea, that the information about the distant field that is needed
to take nonlinear terms into account, can be inferred from the
data for potential and its normal derivative at the boundary
between computed flow field and distant field. One can hope that
such improved boundary conditions allow one to reduce the size

of the computed part of the flow field without undue loss of

accuracy.

The development has been carried out for two-dimensional
problems. But extensions to the three-dimensional problem are
not difficult. Such extensions have already been made by Nixon,
but of course not for the hybrid form of the method and the far

field conditions advocated in the present report.

39

I — SR

S S




10.

11.

12,

13.

REFERENCES

K. Oswatitsch Die Geschwindigkeitsverteilung an symmetrischen
Profilen bein Auftreten Uberschallgebiete, Acta Physica
Austriaca Vol. 4, pp 228-271, (1950).

Spreiter, J. K. and A. Y. Alksne, Theoretical Prediction
of Pressure Distributions on Non-Lifting Airfoils at High
Subsonic Speeds. NACA Report TR-1217 (1955).

Oswatitsch, K."and Jurgen Zierep. Stationare, ebene
schallnahe Stromung, Deutsche Versuchsanstalt fur Luft-und
Raumfahrt, DVL-Bericht 189.

Norstrud, H., NASA CR 2246 (1974).

Nixon, D. and G. J. Hancock, "Integral Equation Methods—A
Reappraisal, " Symposium Transsonicum II (Eds. K. Oswatitsch
and D. Rues), Springer Verlog (1976).

Nixon, D., "Calculation of Transonic Flows Using an Extended
Integral Equation Method," AIAA Journal, Vol. (15) pp 295,
296, (1977).

Nixon, D., "A Two-Dimensional Aircraft Oscillating at Low
Frequency in High Subsonic Flow," British ARC Currrent Paper,
1285, 1974.

Nixon, D., "The Transonic Integral Egquation Method with Curved
Shock Waves," Acta Mechanica 32, pp 141-151, (1979).

Nixon, D., "Calculation of Unsteady Transonic Flow Using the
Integral Equation Method," AIAA Journal, Vol. (16),pp 976-983,
(1978).

Guderley, Karl G., The Treatment of the Sonic Line and of
Shocks in a Finite Element Approach to Transonic Flow
Computations, Air Force Wright Aeronautical Laboratories,
AFWAL-TR-80-3046.

Guderley, Karl G., "Heuristic Observations Related to the
Computations of Transonic Flow Fields, Recent Developments
in Theoretical and Experimental Fluid Mechanics, (U. Muller,
K. G. Roesner, B. Schmidt, Editors) 1979.

Klunker, E. B., "Contributions to Methods for Calculating the
Flow bout Thin Lifting Wings at Transonic Speeds-Analytic
Expressions for the Far Field," NASA TN D-6530, November 1971.

Guderley, K. G., "Far Field Conditions for Subsonic Flows With
Small Superimposed Harmonic Oscillations,” 2. Flugwissenschaften
and Weltraumforschung 5, pp 103-111, (1981).




APPENDIX I

DERIVATION OF THE SHOCK CONDITIONS FROM THE
POTENTIAL EQUATION BY MEANS OF THE
CONCEPT OF WEAK EQUALITY

The starting point is the potential equation (5)

- o7+ 2 ) - o, (A1)

b'd Yy

Let w(x,y) be a weight function of finite support (this means that

w is different from zero in a finite region only). It is assumed
that all derivatives which occur in the analysis exist and that w
and its first derivative vanish at the boundary of the support region.
The postulate that Eg. {(Al) is satisfied in the weak sense is ex-
pressed by

9 2
[lwien) Ugglog = (0,772) 4 5 (6,1 dxdy = 0

for every function w(x,y). Carrying out the usual treatment of
derivatives for generalized functions, one obtains by means of in-
tegrations by part

W

2
- {{[@x - (0,72 oy

%g]dxdy = 0.

The integral over the boundary of @ vanishes because of the defini-
tion of w. The integrand is bounded even at the shock. The expres-
sion therefore remains unchanged if one excludes the shoclk by a strip
of width 2¢ and then lets £ tend to zero. Let the region so modified
be denoted by Q' (Fig. 1).

In the region Q' the partial differential equation is satisfied
pointwise. Now we carry out an integration by parts in the last

equation. The boundary now includes portions 3(., and 30, which ex-

1
tend upstream and downstream of the shock in the distance €. Let
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the shock be given by x = xs(y). Then one has for 891

X = xs(y) - €

anda fecr 397

X = xs(y) + €.

The double integral which arises by the integration by parts vanishes
because ¢ satisfies Eq. (Al) point wise in Q'. The contribution of
the outer contour of Q' vanishes because of the definition of w.

uvne therefore obtains

[ wlley - (8,°/2)1 dy = o, dx] = 0
891+392
The direction of integration is to be chosen so that the region of
integration lies to the left. This means that one proceeds along
an and 392 in opposite directions. One has, because of the defini-
tion of w

lim (w(xs(y) - £,y) = 1lim w(xs<y) + e,y) = WX ,y)
>0 e~+0

Using the notation of Section III one therefore obtains

[ wixgy)y) (Lo, = (o 272017 ay - (17 axt = o
af
1

In order for this equation to be correct for any choice of w, one

must have

dx

(o, ~ (0, 2/21%- 10,00 F2 =0 .
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APPENDIX II
THE EXPRESSION Q(x,y)

We have defined in Eq. (21)

0

mn (¢n)]w(€-x,n-y)d€dn

QUx,y) = IT [g2 (6= (9.2/2)) +
IT e O

At the moment { is some region of the ¢{,n plane in which y satisfies
the Laplace equation. Its boundary is denoted by 3Q. The region may
include shocks. One obtains in a familiar manner by carrying out
integrations by part

Qx,y) = [ v(E=x,n-y) [, (E,n)dn - ¢ (&,n)dE]
o8

f ¢ (£,m) [V (-x,n-y)dn - ¥ (E-x,n-y)dE]
a5t

(1/2) ff w(E=x,n-y) (¢52(£,n)d€dn (A2)
Q

A further double integral with integrand ¢(wg€-+wnn) vanishes because
y satisfies the Laplace equation. The integration around the contour
30 is performed in the direction for which the interior of Q lies to
the left. One has

- (/2 ff wlemxony) (9 ) dkan = - § [ b (E-x,n-y) o, an
e

) (A3)
+ (1/2 }Qj Ve (E=x,n=y) ¢, (£, n)agan

The form of the right hand side in Eq. (A3) may sometimes be pre-
ferable because it eliminates one differentiation in the unknown func-
tion ¢i. It thus becomes applicable, even if,in some approximation,
a(¢52)/ag contains delta functions. The integrands of the double
integrals are singular at the point (£,n) = (x,y).




We choose for @ a region of the £,n plane punctured at the

peint (,n) = (x,y) (Fig. 2). 1Its boundary is 3Q. Part of 52

at a great distance, to be denoted by 3, is given by a circle

with a radious R. Subsequently, the limiting process R+x will
be made. In the familiar forms of the integral equation method
the profile, extending from { = 0 to £, = L, is replaced by a cut
along the f=-axis. To prepare for a modification, we allow for
the possibility that the part of 32 which is usually given by the
two borders of this cut lies at some distance from the profile.
This part of 32 1is denoted by 892. The wake is excluded by

a cut along the {-axis. The two borders of this cut form the
They are joined to 3Q

boundary 5% either at the trailing edge

3° 2
£ = L or at some point further downstream § = Ll' The junction
with 391 lies at £ = R. The small circle, by which the point
£4n) = (x,y) is excluded is denoted by 32,.

In the presence of a circulation the term of the potential

which are dominant at a large distance have the form

¢ = const -T6/2m
where ' is the circulation and

8(£,n) = arc tg (n/g); O <9< 2m.

The choice of the constant in the above equation has no effect on
the flow field, because the flow differential equation contains only

derivatives of ¢. Accordingly, we can chrose (for R large)
¢ =T((1/2) - (o/27m)). (A4)

As R tends to infinity,¢F and ¢n tend to zero strongly enough

that for the boundary anl the first integral on the right of

Eg. (A2) vanishes. Regarding the second integral one observes that
l])é_dn - wndg, = (dy/dn)do

where d/dn denotes the derivative in the direction of the outer

normal and do is the arc length of 3. For R sufficiently large




and (x,y. bounded, one has

¢ ~ log R
dy _ -1
EH—R
do = RdO,

One then obtains

2T
- [ #(dy/dn)ds = T(8/2) - (82/4m) ! = 0.
0

BQl

The contribution of the contour 391 vanishes, if one chooses the

constant in ¢, which is arbitrary, according to Ec. (A4).

No simplifications arise in the integral for a general choice
of the portion of the contour 892. In cases where 892 is represented
by the two borders of a cut along the x axis (from £=0 to £=L) one
can treat 892 and 893 together. On the lower side of the cut one
moves in the negative, on the upper side in the positive ¢ direction.

In this case dn=0 and one obtains

- fwle=x,n=y) i (E,n)&E =

392+BQ3

L
- é W (a=x,~y) (o (£,+0) - ¢, (£,-0)}dg

Here we have written

lim ¢n(€,n) = ¢,iE,40), lim ¢ (&,n) = ¢ (&,-0)

n=+0 n-0
n>0 n<0

The wake does not appear in the integral because there ¢n is con-
tinuous. At the upper and lower side of the profile,@n is given by

the boundary conditions. For a symmetric profile one has

¢y (£,-0) = —¢n(5,+0)-
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If da, + 893 is given by the two borders of a cut along the - axis,

then one obtains for the second integral in Eqg. (A2)

f ${i,ly (E-x,n-y)ds = I (¢ (5, +0) - ¢(&,-0) 1 (&§-x,-y)dE
a0 430 n 0 n

2 3

At the profile the difference ¢(§,+0) - ¢({,-0) is not known. For a
+ 99,. In the wake (BQB)

2 3
this difference is given by the circulation. Substituting, also

symmetric flow field it vanishes along 30

the expression for Yy, Eg. ( 13), one obtains

+ 17 f wn(E-X.-y)dé = - (x=7,y)| = VIG(x—Ll,y)—“]
Ly Ly
where

0 (x-%,y) = arc tgly/(x-¢),

0 < B (x~£%,y) < 27,

The contour integral around the singular point is treated in

a familiar way. Let

£~x = r cos 6

n-y = I sin 0

The first integral over 394 in Eq. (A2) vanishes, because the singu-
larity § = log r is too weak. For the evaluation of the second

integral we note that

_ -1 _ =1 .
wg =r cos wn = r sin 0
df = -r sin®b wn = r cos 0

The integration proceeds in the negative 6 direction. There-

fore

lim (- f p(&,n) [P, (E-%x,n-y)dn - ¢ (£-x,n-y)a%1)= Zu¢(x,y)
r-0 3% & n
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One thus obtains

Q(x,y)= 2ne(x,y) + o (F=x,n=y) [¢.dn - + d7)
o , ‘
—w£ v ) [e (E=x,m-y)dn -} (7-x,n-y)d’] (A5)
‘ huz
~ (=8 (g oY) = (/2000 G CGmxgmey) 52320, ) dddn

i

Eg. (22) is obtained by specializing 3&2 to a cut along the x

axis.

A special limiting process familiar from potential theory
is needed if the point x, y approaches a point Xor Yg of the

contour aleng the inner normal. One then treats a vicinity of

the point X1 Yo separately. Let ".' be a small portion of the
contour 98 which contains the point XC’YC’ and let su" =
v, =0'.  For (x,y) = (xc,yc) the integrand in

I 9(8,n) [v;(i-xc,n-yc)dn -y (i- X n—yc)dE
3" - ‘

remains bounded provided that 3:i has finite curvature at (chc). We
therefore can immediately make the limiting process in which the
excluded portion tends to zero. Discussions familiar from

potential theory give

lim fooCam) T (R-xyn-y) dg —u, (Exyn-y)dn =ro(x .,y )
(x,y%w(xc,yc) RYY)
Including also cases where the point (x,y) lies inside of MZZ
we rewrite Eg. (A5) in the form
Q(X,Y) =an¢ (x,y) + f ‘ME'X,H'Y) [¢;(E:n)dﬂ —¢n("j'n)d§]
30 >
anz
- Jeleym) [, (f-%x,n-y)dn -wn(é-x,n—y)dil (A6)
af ’
2

= M=o (x-L;,y)-(1/2) ffv(i-x,n—y)q;(¢g(i,n))didn
82 ' E

¢




where « = 2 for (x,y) inside .
+ =1 for (x,y) on sz
= 0 for (x,y) outside 2.

One has (in the second integral over

Lim {o: (o) - X(S),n(o)-y(s))QEAQL
x(s) -7 (0) o
y{s) -n(9)
_ww(?(o)—x(s), r(n) —yv(s)) hg%égl_} - (l/Z)R(c)_l
where R(c¢) is the radius of curvature at :(g),n(o), positive if

1s convex.

The expression Q(x,y) is continuous along a line y = const as
the point (x,y) passes through a shock. This is seen in the follow-
ing manner. We have postulated continuity of ¢. In the integrals
QZ’ v and 1ts derivatives are continuous, because the shock is
not part of SQZ and therefore (x,y) # (£,n). A discontinuity can

over *°

therefore be introduced only by the double integral. It would be
caused by the jump of SQZ at the point (&£,n) = (x,y) if the point
(x,y) passes through a shock. For a discussion is suffices if one
considers the critical integral for the vicinity of some point of

the shock x = xs(y) with ¢g= 1l upstream and ¢, = 0 downstream of

a
the shock. We enclose this point by a rectangular contour (Fig. 3).
Distance points of ¢ will not give a discontinuity in Q, therefore

it sufficies if one evaluates the integral
(1/2)ffw((€‘xln‘Y)didn

once for (x,y) = (xS - ¢,y) and a second time for (x,y) = (xs4 €rY)
and examine the difference in the limit ¢ = 0. The integration
is to be carried out for the shaded area of Fig. 3. One obtains,

by carrying out the integration with respect to ¢
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(1/2) (= f wlig=x +e,n=v)dn + [ ¢ (£ (n)-x_+c,n-y)dn
n n
1 1

in the second case with € replaced by -¢. The first integral
which comes from the left boundary of the rectangular box, will
not cause a singularity as the sign of ¢ changes. 1In the second

integral we place the origin of £', n' system into the point
= - tgBn', where B8 is the

(xs,y) and approximate ES' (n) by té
angle of the normal to the shock at the polnt in question with
the x axis. Finally we substitute y; one then obtains
1
"2
2 2
- (1/4) f lOg((—n'th+g) + T)' ) dn'
1

m

This integral can be evaluated in closed form. The resulting

expression is continuous as ¢ passes through zero.
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APPENDIX III
DERIVATIVES OF Q(x,y)

After replacing the last term by means of Eg. (A3) one ob-
tains from Egqg. (A5) by differentiation with respect to x

Q, (x,y) = 2m (x,y) +aé2-w€(€-xm—y) [¢Edn—¢nd€]

- J ete n) (-0 (E-x,n-y)dn + Y, (E-x,n-y)dE]
892 OB

-T { b (E-%,-y)dE
1

- (1/2) [ =¥, (E-x,n-y) ¢, 2(E,n)dn
2

£ (1/2) & ff vp(E-x,n=y) 6, (£, n)dEdn (a7)
Q

In the expression with the factor T' we have substituted the
form in which it originally appeared in Appendix II. One can carry
out the integration with respect to ¢ and then obtains

o o]

~T { by (E-x,=y)dE = T g (L)=%,~y) (A8)
1
In the second integral over 8Q2 we use the relation wgg = -wnn.

For the differentiation along a contour given by
£ = £.(n)

an operator
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3
3

a¢
p—t a —_c—- .
=30 Y an (A9)

5la

is introduced. One then obtains for the second integral over 39

2
-aé OLE,n) = g (E-x,n-y)dn + b (E-x,n-y)dE ]
2
DC DC
= -aé olem) gr (Wddn = - e(E,mv, | +3£ b, gr(¢(E,m)dn
2 limits °%2
= -elemv, | +3é ¥, (0, (E,m)dn + ¢,(E,n)aE)
limits 2

The contour 892 starts and ends at the point § = Ll’ n = 0 where
the two borders of the wake contour 8Q3 start or end. There the

terms for the limits are canceled by the expression Eg. (A8).%*

We write
¢, = u, ¢, 6 =V (Al0)

The integrals over 30, in Fq. (A7) then contract to

2

{ ~(ag,m) - (1/2)u2(E,n» Yp(E-x,n-y)dn + u(i,n)wn(ﬁvx,n-y)dﬁ
af ?
2

+ f vi&,n) [y, (&-x,n-y)dg + ¢ (£-x,n-y)dn] (A1l)
3%, : n

*This simplification occurs only for steady plane flows.
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In evaluating the derivative of the double integral in
Eq. (A7), some precautions are necessary because of the singularity
of the integrand. 1In the original definition of the region I
the singular point ({,n) = (x,y) is excluded by a small circle
of radius £ which moves as the point (x,y) moves. This must be
taken into account in the differentiation with respect to x or y
(up to now the exclusion of the point has not mattered in the
evaluation of the double integral). We divide the region © into

two regions by surrounding the point (x,y) by a box of finite

dimensions (Fig. 4). The boundaries of the box remain fixed
while the differentiation with respect to x or y is carried out.
In the outside region Ql the differentiation can immediately be

carried out under the integral sign:

(A12)
(1/2)3=  FrytE-x,n=y)u? (£,n)dEdn==(1/2) /1 b, (£=x,n-y (u® (£,n)dEdn
Ix o 'E Q £g
1 H
For the evaluations within the box (region 92) we set
£, = &%
1 = ney (813)
_ 2 2,1/2
r = (E)l + nl)

The boundaries of the region 302 are given by

£ = xl,and &= Xor Xg < x < X,

n = erand n= Y2r yl <y < YZ

and the small circle with radius € around the point (x,y).Let

temporaril .
p y \ Xy Y, ) :
I = (1/2)3§ ! f wg(i—x,n-y)u (£,n)dé&dn
€=xl n=y,
r>eg

then, after substitution of Egs. (Al3)
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X, X Y2—y 2
3 .
I = (1/2)3; [lim S wg(il,nl)u (£1+x,nl+yyﬂddnl]
€20 E£,=xy=Xx My Fy;TY

r>e

N

In the gl ny system the small circle around the ;ingular pcint
is fixed, even if x or y changes. The function u” depends upon
two arguments (originally £ and n). For clarity, we denote
di.fferentiation with respect to its first or second argument,

respectively, by subscripts 1 and 2. Now we carry out the
differentiation with respect to x in the last expression

Yo~Y

4
2 . 2 _ 2
wg(xl-x,nl)u (xy/nyty)dan, - % ,pg(x2 X,M )u (xz,nfy)dnl

Y2—4
1=(1/2)[ I
ﬂl=yl"y nl=y1—y
Xp7x% YooY )
+ lim s J L (B, ny)ud (6 +x, 0, +y)dE. dn ]
L RIS AN RAL R IR RERAL | 1771
20 EpTxmx M=y

Returning to the original variables ¢ and n one obtains

= '
T =(1/2) [ £y Gy=x,n=p)u’ (xmdn = S up (%,-%,n=y)u’ (x,,n)dn
n=y; n=y;
(A14)
2 Y2

+ lim J

s wg(é-x,n-Y)(a(uz(g,n)/ai)dﬁdn]
-0 E=xl n=y,

In the double integral an integration by parts with respect to ¢
[ ]
is carried out. Let 392 be the circle (&—x)2 + (n-y)2 = 52,

One obtains

Y2 Y2
ff=- 7 wg(xl’X:n-Y)uz(Xim)dn + f wg(xz-x,n-y)uz(xz,n)dn
n=y,; n=y,;
(Al15)

lim [, w{(i-x,n-y)uz(ﬁ,n)dn - lim Jf wgg(i-x,n-y)uz(g,n)dgdn
e+0 9°Q ' >0 Q
2 r>0 2
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The first two integrals in Eq. (Al5) cancel the first two integrals

in Eq. (Al4). We introduce temporarily

f=-x r cos O

n-y

r sin ©
L]

2
dn = € cos 6 du

Then along 3

Moreover

= ¢~ 1 cos ®

Ve
The integration around 392 proceeds in the negative € direction.

One obtains

lim . (Gmx,ney)ut(6,mdn = = mu? (x,y)
e+0 0, "

The double integrals in Egs. (Al5) and (Al2) can be combined. One
finally finds

(1/2) 52 [ [/ 4, (e=x,n-y)u’({,n)déan =
R 0 . (Al6)
17202 (x,¥)=(1/2) I] g (E-x,n=y)u’(€,n)dtdn
Substituting these results into Eq. (A7) one obtains
Q (x,y) = 2m(x,y) + (A17)

- [u(g,n)=(1/2)u? (£,n) 14 (E-%,n=y)dn + u(E,n)y, (E-x,n-y) Qs
Q
2

+ f v(e.n)[wg(é-x,n-y)di+wn(E—x,n-y)dn]

892

~t/2)u (x,y) - (1/2) ffu2(E.n)wgg(ﬁ-x,n-y)dﬁdn
£
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Specializing this equation to the usual case, where Duz is given

by the two borders of the cut made along the profile (from x

to x = L), one obtains:

L
Qx(x,y) = 2mu(x,y) + [ [(u(€.+0)-u(£.-0)]wn(ﬁ—x,-y)dé
0

L
+ [ [v(§,+0)-v(E,-0]Y (E-x,~-y)df -
0 &

(/206 (xay) = (1/2) S1uP (€, by (E-x,n-y) dEdn
d )

A corresponding procedure can be carried out for Qy'
For the specialized region §{ one obtains
L
Qy(x,y) = 2mv(x,y) + é[V(€,+0) -V(i,—O)]wn(E-y,-Y)dﬁ

(u(€,+0)-u (&:-O)Wg(i-xp ~y)dg

!
o

~(1/2) JJ uz(e,n)wE (£-x,n-y)dEdn
Q n

=0

(Al18)

(A19)




APPENDIX IV

DERIVATION OF THE EXPRESSION QX(X,Y) BY APPLYING
THE WEIGHT FUNCTION —wg TO THE 'POTENTIAL EQUATION

The weight function "wg has a singularity at the point
(&,n) = (x,v). The question arises to what extent this fact
imposes a restriction on the form of the residuals to which this

weight function can be applied. Introducing, as before

£-x

rcosf, n-y = rsinb

one has

-1 - .
-wg = -r cos 6, —wg = -r" sin8
We postulate that the residuals to which this weight function is
applied be continucus and that its first derivative exist at the

point (x,y). Such a residual can then be written as

R(g,n) = RO + RE r cos® + Rﬂ rsin® + terms of higher order

Here R_, R, and Rn are constants. One then considers expressions

£

- ff(ko + Rgr'cose + Rnr-51n8) wg d¢ dn

r>e¢

= - /f(RO + R
r>e
0<p<2n

gz'cose + RnI‘Sine)r—lCOSO r dr 46

r=r(6)
2m 2 2 .
= - f [r Ro cos® + (r7/2) (Rg cos“ 8 + Rn sin6 cos8)] ’ de

I
[yl

0=0 r

The contribution of the lower limit r=¢ vanishes in the limit €=0.
The weight functions considered in this appendix are admissible

if they are applied to residuals which are sufficiently smooth.
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Let P denote the weighted residual which one obtains by

applying the weight function ~V, to the potential equation (Eg. (5)).

(Y212 + gg (6,,)1dEdn

3
Plx,y) = =[] v, (=%, n-y) [3537 (¢,
S (A20)

4

The region Q is the same as before (Fig. 2). The weight function
-%;is regular at the shock (provided, of course, that the point
(x,y) does not lie at the shock). The potential equation is
supposed to be satisfied in the weak sense, in particular at the
shock. The shock region is therefore included in the region Q

and no discussion of the shock conditions is needed. Carrying out

the familiar integrations by parts one obtains

P(x,y) = -/ Ve (6-x, n-y) [(¢g(€,n)—(‘/z)¢€2(€.n))dn—¢> (¢,n)agl .
I n '
+ v(i,n)[wgg(C-x,n-y)dn—wgn(ﬁ—x,n-y) dgl (A21)
In i

- ff w€€<a-x,n-y>¢€?(g,n>dadn

With the use of the definition Eq. (A9), the second integral is

transformed as follows

[ 008,n) [V g (E=x,n=y)dn-b, (&-x,n-y)dE

a0
= -aé o(e,m) [y, (E=x,n=y)dn + ¥, (i-x,n-y)dg (A22)

B + [ v ( ) (¢ dn + ¢ d¢) j.
= -asfz ¢(€,n)dn(wn)dn = —¢>(€,n)wn ‘ RS Yn £-x,n-y @n n (46 ; _‘

limits .

The portions of the contour 3Q 992, and 30, form a closed curve. vy

1’ 3
The contributions at the limits therefore vanish. The same holds ;
for the small circle 894. Across BQB (portion of the r

wake),¢g=u and ¢n=v are continuous,the integral therefore vanishes
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for 5¢,. The first two integrals in Egq. (A2l) evaluated for 3Q,

therefore give

[ =lu(s,n) - (Vz)u2(£,n)]wg(&-x,n-y)dn + u(&,n)wn(C-x,n -y)df
3 Q >
2

+ [ v(E,m) [y (E-x,n-y)dE + ¥, (F=x,n-y)dn] (A23)
39, '

The contour 32, (small circle around the point (£,n) = (x,y))
yvields

- lwg(g-x,n—y)[(¢E(£,n—(‘/z)¢g(&,n))dn-¢n(£,n)dn1
LIYAN

= -1im f rYcoselu(g,n)-(%)u?(£,n)rcosd + v(£,n)rsin6lds
=T [U(XIY)-(I/Z)uz(XIY)] (A24)
Evaluating Eq. (A22) for 9., one obtains

fwn<£—x,n—y) [9,dn+ ¢ aE]
a0,

= lim | r lsine[v(&,n)rcose-u(g,n)rsinelde
£-+0

9

r

o
€

T u(x,y) (A25)

Substituting Egs. (A23), (A24) and (A25) into Eg. (A2l) and com-
paring with Eq. (Al7) one finds that, indeed,

P(x,y) = Q. (x,y) (A26)
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APPENDIX V

DERIVATION OF THE EXPRESSION Q, BY APPLICATION OF THE
WEIGHT FUNCTION - w& TO THE FORMULATION IN TERMS OF u AND v

The derivation to be shown here has of course great similarity
to the one of Appendix IV. There are some differences in the de-
tails. One additional question arises. In the formulation of the
problem in terms of the potential ¢ this quantity is always assumed
to be continuous through the shock. To ensure this continuity in
a computation in terms of u and v one must add the postulate Eq.
(15), i.e.

()’ (Ax /dy) + ivit = o (A27)

A second shock condition is given by conservation of mass, Eq.

(A14)
- (/2017 - w1 (@ax/ay) = o (n28)

First we show that the partial differential equations Egs. (12)

and (13) viz

3 (u - 2) , 3, =
§§(u (1/2)u”) + ay" 0 (A29)
uy -V, = 0 (A30)

and the shock conditions (A27) and (A28) give the expression Qx

if one applies the weight function - wg to the egquation of con-
servation of mass (A29). Subsequently we shall ask whether the
postulate Qx(x,y) = 0 (for all values of (x,y)) ensures that Egs.
(A27) through (A29) are satisfied. It is assumed that the u field
and the v field are always connected by Egq. (A30).

To derive the first result we apply an integration by parts
to the following expression, in which the integrand is formed with
Eq. (A29)

-4




P(x,y)= - [ wg(&—x,n-y)[§%<u<a,n)—<1/2>u2<a,n>) + Svlaedn
g :

~ v, Emx,n-y) [(u(E,m)-(1/2)u% (£, m))dn - v(£,n)df]
v

+

f}[wgg(é-x,n—Y)(u(i,n)-(l/2)u2(i.n))+wgn(é—x,n-y)V(€,n)]d€dn
Q

One has

&![wgg(ﬂ-x,n—y)u(ﬁ.n) + ¥ (E-x)v(g,n) 1dEdn

ff[-wnn(é-x,n-y)U(ﬂ,n) * Ve, (6-x,n=y)v(E,n)]dEdn

J v (E=x,n=y)u(£,n)@E + ¥ (E=v,n-y)v(g,n)dn
3 n

+

&J b (B=%,n-y) (u, (E,n) - v (E,n)dEdn

The double integral vanishes because of Eg. (A30). One thus obtains

P(x,y) = | -IU(éln)-(l/Z)uz(E,n)]wg(i-x.n-y)dn + U(é,n)wn(é—x,n-y)dé
1Y)

+ viE,n) [ (E=x,n-y)dE + v, (E=x,n-y)dn]
an

- (72 {f wgg(E—X.n-y)uz(é,n)dﬁdn (A31)
Q

The contribution of the contour a9, (large circle which moves to
infinity) vanishes,so does the contribution of the integral along
the wake (contour 393) because of the continuity of u and v. The

contour 394 (small circle around the point (£,n) = (x,y) cives
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20 (ulx,y) - (L/4)u’(x,y).

With these results one shows that indeed

The shock need not be considered as part of the boundary of
{2 because we use the concept of weak equality in Eq. (A29).

Nevertheless let us introduce a contour BQS which is formed
by the two borders of a cut extending along the shock. (Traveling
along the contour one must leave the interior of 2 to the left.)
One therefore travel. in the positive n direction on the upstream

side of the shock. This contour gives a contribution

[, velemx,n=y) [=(u(e,m=(1/2)u (5,n)) + v(E,n) (ag_/am 17 an
+ [, b (E=x,n=y) [u(E,n) (@5 /dn) + v(e,m )L an (A32)

where 89; is the upstream portion of the contour 3 The two

integrals vanish because of Egs. (A27) and (A28). °
Next we assume that we have a u field and a v field connected
to it by Eg. (A30), and that the expression P(x,y) vanishes for all
values of (x,y). Each value of P for a given (x,y) arises by the
use of a weight function wg(E—x,n—y). By an argument similar to
that shown at the beginning of Section III one can form linear com-
binations of such weight functions which represent weight functions
w(x,y) with finite support. We choose for this purpose weight func-
tions which do not straddle the shock. Then it follows that Eqg.
(A29) is satisfied everywhere (in the weak sense) in the region where
the shock is excluded. Therefore the residual expression (A3l) for
the region © with the shock excluded vanishes identically. Let us

denote this expression by ﬁ(x,y). ﬁ(x,y) is identical with P(x,y)




except that the contribution of the shock boundary must be taken

into account

ﬁ(x.y) = P(x,y) + | + w{(ﬁ—x,n-y)[—(u((,n)—(1/2)u2(a,n))
an N
i 5
+ v(i,n)( /dn} dn
o v Eexgney) [ulh,m) (dig/dn) + v(g,n) ] Tan
RIS
5
We have postulated that P(x,y) = 0 and we have shown that b(x,y) = 0. A

The sum of the two integrals therefore vanishes identically in
(x,¥). The sum of the two integrals represents solutions of the

Laplace equation, in the whole x,y plane except at 3. for

;:(’-x n-y) and ww(f—x (N~y) are solutions of the Laplzce equation.
At the shock this function has jumps in the normal and in the
tangential derivatives which can be expressed in terms of the
factors of 4, and u But the above mentioned analytic function
is 1dent1cally qual to zero. The jumps are therefore zero and
these two factors will vanish. Hence it follows that Egs. (A27)

and (A28) are satisfied.
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APPENDIX VI
DERIVATION OF THE EXPRESSION Qx FROM THE
PARTIAL DIFFERENTIAL EQUATION FOR u

In order to recognize the effect of the nonlinear term we

introduce ’

qa= (%) g% (u?) (A33)

This quantity can be regarded as a source term in the Laplace equa- !
tion. The formulation of the problem in terms of u is given by
Egqs. (15), (16), and (17). Then one has

(ul* - w21t (cos?8) /2 = 0 (A35)

and as a substitute for Eg. (17) which is a consequence of Eqg. (14)

-[ult tgs + (vit =0 (A36)
We had, Eg. (7)
tgs = -ax_/ ay

In Eg. (A36) it is assumed that one has constructed a v field,

which is connected with the u field by the irrotationality conditior

Y o g e -

u - v, =0 (A37)
in the manner described at the end of Section II.
The difference between the present formulation and that of 3'

Appendix V lies in the fact that Eq. (A37) is used merely to deter-
mine the v field, while the basic problem is solved in terms of u.

If there is a residual in Eq. (A34), then there will also be a i

b ¥




residual in the expression from which this equation is derived.

Let the latter residual be r(x,y). Accordingly

u vy - q=r(x,y) (A38)

Then one obtains for the residual in Eq. (A34)

Uyx T uyy T g T Ty (A39)
The expression (A34) is not the equation of conservation of mass,
but only its x derivative. 1In spite of its form it is not a conser-
vation law, and therefore need not to be satisfied as one traverses
a shock. Test functions of the kind used in the theory of gener-
alized functions cannot be used if their support region straddles
the shock. The functions y allows one to construct inadmissible
as well as admissible test functions. We denote the residual

expressions which arises from Eq. (A39) by P.

P(x,y) = |/ ¢ (e=x,n=y) T (£,n)dedn
0

I

&{ V(E=x,n=y) (U (E,n) + u (E,n) - g, (£,n)dEdn

J w(é-X.n-y){ug(E,n)dn - u_(g,n)dgy
00 n

f u(g.n){w£<£—x,n—y)dn - b, (6-x,n-y)de]
af

- &j qg(&,n)w(i-x,n—y)d€dn (A40)

Here the contour 3 includes the two borders of the cut along the
shock (denoted by 9fs5). In the first integral on the right we
replace u by v by means of Eqs. (A37) and (A38)

PR SV




[ w(&=x,n-y) {u, (£,n)dn-u_(%,n) }d¢
I R ]

= - Jye-x,n=y) v (E,m)dn + v, (£-n)dE + [ y(£-x,n-y)q(Z,n)dn
ag i 3%

+ J v(&-x,n-y)r(g,n)dn
1Y

= f‘f@,n){wg (=-x,n-y)dg + wn(é-x,n—y)dn} + [ y(&-x,n-y)q(&,n)dn
30 30

+ [ y(&-x,n-y)r(5,n)dn
29

In the last step an integration by parts along the contour 3Q has
been carried out. The term outside of the integral vanishes
because the contour is closed. The integrals in Eq. {(A40) over
the contour at infinity 891 vanish. So does the integral over

the wake 3Q3; because of the continuity of u and v through the wake
in a steady plane flow. The integral over the small circle around
the point (x,y) is treated in a familiar manner and one obtains

21 u(x,y). One thus obtains from Eq. (A40)

P (x,y) = 2mu(x,y) +‘fv(€,n){w{(€-x,n—y)d€ +uq§£-x,n—y)dn}d£}
30,400

+ [ u(g,n) {~y
3N2+30s

g(&-x,n-—y)dn + wn(é-x,n—y)dﬁ}
+ f v (£-%x,n-y)g(£,n)dn (A41)
AN, +90 5

+ p(E-x,n=-y)r(£,n)dn
M2yg,

- Jf qg(i,n)w(ﬁ-x,n-y)dédn
Q

i




The function g which is the expression for the nonlinear terms

enters the last equation, once because of the source terms in

Eg. (A34), a second time when the derivatives of u are replaced -
by the derivatives of v (by means of Egs. (A37) and (A38)). In

the original differential equation the nonlinear terms appear in

the form q, = —(1/2)82(u2)/3x2;they are independent of the local

value of u or its first derivative. The rewriting of the u

derivatives generates a second nonlinear term. The derivation

has been carried out in the form just shown to make clear that

the term so obtained is not solely the source term in Eqg. (A34).

These terms can be combined

-/ g (B, (E=-x,n-y)didn + J q(&,n)b(E-x,n-y)dE »
2 3

I

Iy q(&,n) v, (£-x,n-y)d&dn
9 ;

%f (uz(an»wg(z—x,n—y)dadn

(L/2) Jf

Q
This expression can be transformed by a further integration by
parts, so that derivatives oif the unknown function u2 no longer
appear. In evaluating the result one must remember that one deals
with the region Q punctured at the poirt (x,y). One obtains

+(1/2) [T 57 wP(6,m) b, (E-x,n-y)dgdn
Q 2 >

(£-x,n-y)d&dn

g€

= /2 6t (g mug (E-xonmy)dn = (1/2) Jru® (e,
81 ’ Q2

Herc the double integral must be evaluated for the punctured

region @ (if the point (x,y) lies within Q). The last form has
the advantage that it automatically takes § functions into i
account which might for instance arise on the left side of the !
last expression if in some discretization procedure u” is .

approximated regionwise by constants. ’ '

The discussion just carried out has the purpose to explain

that in the final form of the expression the nonlinear terms enter
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in a rather complicated manner. The final expression for P is

best obtained by substituting immediately the form of qg.

)2
32

£l

P (x,y) = /I y(E-x,n-y){ (u(€,n)-(1/2)u’(E,n))+ u, (£,n) Yagdn
19}

= [ W(E-xn=y) { 52 (u(E,m)=(1/2)u? (€, ndn - u_ (£,n)dE)
30 2 n

(A42)

- af {(u(ﬁ,n)-(l/Z)uz(E,n))(wg(é—x,y-y)dn —u(€,n)wn(E—X.n-y)d£}
Q

-(1/2) JI wgg(é-x,n-y)uz(i,n)dédn
Q

In the first integral on the right, u is replaced by v by means .
of Egs. (A37) and (A38). (A corresponding step has been carried ‘

out before.) One obtains o

- 7 p(E-x,n-y){v_(&,n)dn + v, (E,n)dE}+ [ V(E-x,n-y)r(E,n)d
30 n & 30

= [ v, My, (E-x,n-y)dE + ¢ _(E-x,n-y)dn}+ S Y (E~x,n-y)r(&,n)dn i
0 & n 390

Again tne terms outside of the integral vanish because the contour
30 is closed. The integral for the small circle around the

singular point (x,y) is treated as above. One obtains

B(x,y) = alm(ulx,y)=-(1/8)u?(x,y)) ]

- J ¢€(€-x,n-y)[<u(€,n)-(1/2)u2(€,n))dn-V(E.n)dEI (243) {_
F i

392+395 ’1
(Continued ’;

0w (Emx,nmy) [u(E,n) dE+V(E, n) dn) ] next page.) B
anz+395 i
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At oy

- (1r2) ff wgé(i-x,n—y)uz(ﬁ.n)dédn + J y(&-x,n-y)r(f,n)dn (A43)
& 3 (Concluded)

with o= 2 for (x,y) within
o= 0 for (x,y) outside Q.

The contributions of the shock contour BQS vanish because of the
shock conditions (A35) and (A3€). Therefore, by comparing with
Eq. (Al7) and using Eq. (A26)

P(x,y) = Q (x,y) =P (x,y) - aé b (E-x,n-y)r(£,nydn

This result is to be expected on the basis of the following
reasoning. Using the original definitions one has, from Egs. (A20)
and (A38)

P (x,y) = Jf w(i—x,n-y)rg(g,n)didn
Q

I w(g,n)eE,ndn - Sf r(E,n)wg(E—x,n-y)dédn
09 Q

S oYv(E-x,n-y)r(f,n)dn + P(x,y)
N

The residual expressions P (arising from a formulation in terms of

u) and P (arising from a formulation in terms of ¢ or in terms

of u and v) are closely related to each other but not identical.

This is caused by the fact that Eq. (A39) with rx=0 merely guarantees
that the function r which appears in Eq. (A38) is a function of Yy
only. In working with Eq. (A39) we impose the additional require-
ment r = 0 at infinity and use the original expression I.

To treat the limiting case, in which the point (x,y) approaches
the contour 392 from the interior of @ we rewrite the integrals
over 39, in Eq. (A43) as follows.
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/ u(é,n){-wg(é-X.n-y)dn +wn(€-x,n-y)d£}

8&22

+ S vE,m b, (E-x,n~y)dE +¢n(€-x,n—y)dn} (A44)
N >
2

+ (1/2) f uz(ﬁ,n)dJE(E-X.n-y)dn

892

Let 8 be the angle of the .nner normal of the region { with
the x axis (Fig. 5). Then, for the unit vector, in the direction

of the inner normal

= + i -
e, ecos 8 ey sinB /

and for the unit vector in the direction of the tangent to

pointing in the direction in which the integration proceeds

= inB - e .
eg e, S 8 ycosB

If do is the line element of 3Q one has

dg _ dn _ _
ac - sinB, 3o cosB
then
dy  _ ing = -y 90 4, €
an wg cospB + wn51n6 wg do +wnd0 (A45)
dy_ _ A - 48 dn
gt = Vesing -y CosB = V.32 b gy |
} oS
]
|
- dy 5
wg an CosfB + at sinf (246) ii
fo
dn _ -dy 2 d .
f
- ’-2 ndenmliitnn




The expression (A44) then assumes the form

[ R(E,n) - (1/2)cos28(o)u’(£,n)]} (dv/dn)do

392

(A47)

+  f W(E,n)-(1/2) sing (o) cosB (o) u’ (&,n) (db/dt)do

892

wWe defined
¢= log r(¢-x,n-y) .

We consider the limiting process where the point (x,y) approaches
a point (xc,yc) along the inner normal. Applying a procedure
familiar from potential theory, one treats the integral along

892 in a small vicinity of the point (xc,yc) separately. In the
limit where (x,y) coincides with xc,yc) the integrand of the first

integral in Eq. (A47) remains bounded in the outer region (where

the point (xc,yc) is excluded. For the small region which

contains the point (xc,yc) one obtains
f(dy/dn)dc = -m.

The second integral in Eq. (A47) must be evaluated as Cauchy

principal value.

One thus obtains, from Eq. (Al7), for the point (x(s),y(s}))

on the contour
P(x,y) =m(ulx,y) =-(1/28in%(s)u?(x,y) (A48)

+ {U(E:n)'(l/2)coszB(s)u2(€,n)}{-wg(g-x,n_y)dn+wg(g-x'n_y)dg}
2

392

(/2 IS b emx,nmy) u? (6, m) acan
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+ J (v(ﬁ,n)-(1/2)sinB(s)cosB(s)u2(g,n){wg(g-x,n_y)dg+wn(g-x’n_y)dg}

e




To avoid an ambiguity in the signs,tpg and wn, instead of wn and wt
have been reintroduced, although the wn and wt express the nature

of the integrands more clearly.

The evaluation of the double integral requires some
precautions because of the singularity introduced by the factor
wgg in the integrand. The region under consideration is the
punctured region Q. In a specific case the procedure depends
upon the chosen representation for u2. To show what will happen
we consider the case where u2 is constant within an element

bounded by straight lines. Then one obtains

dn

-(1/2) 0> I8 vee acan = -(1/2)u? -

1Y) 9§

where ' is the element under consideration and 3Q' its boundary.
If the point (x,y) lies within the element, then for the small
circle around this point

S ¢y,.dn = -,

£

For the remainder of the contour it does not matter whether the

point (x,y) lies inside or outside of the contour.

We introduce §-x = £', n-y = n'. Then one has
El
Ve T T2

Let the contour between the points A «nd B in Fig. 6 be given by

I = q =~ nlth

where B 1is the angle between the inner normal to the boundary AR
and the x axis Fig. 6.) Then one has to evaluate




"B "B tgRn'
f \J,E L dn' = f —'—2———dn - f a g T 2 dn '
My £ ‘o NA (a-n'tgB) “+n

The direction of integration is chosen in such a manner that

the interior is to the left as one travels along the contour. This
is an elementary integral.
n g (U -a sing) (30
B _ cosB
I a~tgBn' __ 4n' = -sinBcos8 J COSB : 73
Na {a-n'tg )" +n'?2 n, (COSQ -asinB) “+a“cos 8
) ]
Ny dn
2 a cos’8
+cos™B S ; = 5
N [(%BEB -asinB)/acosBf] +1
]
"B
= - sinBcosB(1l/2) logl( cgsB - asin8)2+a2c0528)
n
A
] n'
n . B
~-a sinB
+c0528 arctg cosf
- a cosB

One has, either from Fig. 7 or by direct computation,

2 2 2 n . 2 2 2
= ' Erée = -
£y n + £ (COSB a sinB)® + a B
n' .
-—_ - a sinB
6. = cosg
A arctg a cosB

Thus, finally as the contribution of the boundary AB

-(1/2)u? [~sing B log B +cos?B(0 - 6.)]
sinf cos og ;; cos B A

We apply this result to several special cases.
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e mprevns

Let the point (x,y) lie in the middle of a square (Fig. B8a).
One then obtains

2

-(1/2)w® 1S Y, dean = - L w2(cn 411 =0
Q

2
The first factor comes from the contour around the point (x,y).
The second one from the contour AB and CD. Incidentally, one
sees that the exclusion of the point (x,y) by a square is
equivalent to the exclusion by a small circle.

For a narrow rectangle (extending in the y direction,

Fig. 8b) one obtains

2 = e
(-1/2)u Ir wgg dédn =

k (-1 + 21) =-2- .

1
2
If the point (x,y) approaches the contour AB, Fig. 8c, then

the contribution of the contour AB cancels the contribution of
the small circle. 1In this manner one can discuss the problem
and contours of different kind; for instance, the contribution

of an oblique contour,

One finds that the local contribution of the double integral
in Eq. (A47) will cancel the local contribution (-l/2)sin26 u(x,y)
and also the local contributions of the second contour integral
(in which the Cauchy principal value is to be formed).




APPENDIX VII

RELATION BETWEEN THE SHOCK CONDITIONS EQS. (14)
AND (15) AND LOCAL EXPRESSIONS Qx or Qy

It has already been shown in Appendix V that the shock con-

ditions (14) and (16) are satisfied if Qx(x,y) = 0 identically in
X and y. In this appendix it will be shown that if Qx = 0 or
Qy = 0 locally at points immediately upstream and downstream of

the shock then, respectively, Eq. (14) and a linear combination of
Egs. (14) and (16) will be satisfied. In other words, if one uses
in the computation ejither conditions for Qx or Qy then one
relation derived from the two shock conditions is satisfied even
if Qx = 0 or Qy = 0 only at points immediately upstream and down-

stream of the shock.

This discussion is primarily of interest for the classical
use of the integral equation method. Accordingly, it suffices if
we restrict it to the specialized equations (25) and (26) although
the results have general validity. Let us first consider the
condition derived from Qx. We evaluate the expression (26) for
points (x,y) approaching the shock from the upstream and the down-
stream side along a line y = const. Let the point of the shock
reached in the limit be xs(y). A discontinuity in the expression

2
Q, can be caused by the terms 2qu(x,y), -(m/2) u”(x,y) and

-(1/2) ff uz(é,n)wgg(é-x.n-y)dﬁdn
Q

As always the region ¢ is part of the £,n plane punctured at

(¢,n) = (x,y). We enclose the point (xs,y) by a small box (Fig. 9).

In the limiting processes where one approaches this point from the
upstream and downstream side the singular point (x,y) moves with-
in the box. We consider the limits of the double integral for

x = lim (x_-¢) and X = lim (x_+€); €>0
s s
£~>0 €0
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In this limiting process the contributions of the double integral
from outside of the box will be continuous as x moves through the
shock. Only the region within the box need to be considered. Let
Q+ and @ be the portions of Q within the box upstream and down-
stream of the shock. Let u+ and u  be the values of u upstream
and downstream of the shock. The difference of the double integral
for the area Q+ + Q with x once approaching the shock from the
upstream side and a second time from the downstream side is given

by

w)
!

JI @8, (-xg(y) +e,n-y) agan
+
Q2

+ ff @A, - (6-x_(y)+e,n-y) dtdn S’

vl

Jf@HA,m) vy (E-xg (v) =€, n-y) aan
A ,
f

_2
J{fu (B M) Yy (E-%_ (y) =€, n-y) d&dn

Q

In evaluating the first and fourth of these integrals one must

take the presence of the singular points at X €Y and xs+e,y

into account. One can take the box sufficiently small so that u+

and u~ can be considered as constant. (one can indeed, show that

higher order terms in the development of u do not contribute to

a discontinuity. Then the integration with respect to & can be

carried out in the above integrals and one obtains only integrals

over the contour. The evaluation of the contours around the '

singular points is familiar. One obtains
—1(u*)? and -n(u7) 2. ;

Therefore
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PRI >\ 4

p= -1 ?+ (wH® [y (Ex_(y) +r
e
L1Y;

+ (u_)2 f wg(ﬁ—xs(y)-fe,n-y)dn
.

- @ f v, (e-x_(y) = c,n-y)dn
Ve
a2

n-y)dn

= ()2 f b (Emx_(y) = e,n-y)dn + m(a))?

afl

+ - -
Here 3 and 30 denote the contours of the areas Q+ and @ , but

with the exclusion of the contours around
These contours include the borders of the
At the outer boundaries of the regions Q+

Yy <n <y,and £ =x,; y; <n <y, (Fig.

the singular points.
cut made along the shock.
and @ namely § = Xq0

9) one has obviously

lim hg(&—xs(y) + e,n~-7) = lim wé(g—x (y)-e,n-y)

£-0 > e~>0

S

In the limit ¢-+0 these parts of the contour do not contribute to

the difference D; only the integrals along the shock are left.

One observes that this integration is carried out in opposite direc-

, + - . .
tions for the contours 32 and 3Q , on the upstream side in the

direction of increasing n.

One therefore obtains

Yy
2
D= (2?1 (=1 + v, (6=x_(y) +e,n-y)dn
Y1 ’
Y2
- J g (e-x (y)-e,n-y)dn}
Y1
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One has

(£-%)
(&-x)2+(n-y)2

Wg(g-xl ﬂ"y) =

We set for the evaluation of the integrals
E-x (y) = &' ,n~y = n'

and for the limits of the integral

T YyTYe Ny T Yoty o

Notice that

ng <0<y

Fcr the present purpose it suffices if one replaces the shock by

a straight line
£ = -n' tg B

where (as in Section 2) B is the local angle between the downstream
pointing normai to the shock and the x axis. Then the first

of the above integral assumes the form

)
n n
2 t 2 '

Il = I _E +2E — dn'= ! -'thT.] +E? n dn'
' (£'+e) “4n*2 ' (-tgBn +e) "4n'“
T'Il ﬂl
. We show the essential steps in the evaluation of this elementary
integral
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n

(=tgBn +£)2 + n'2 = e2e0sép]( - tgB)? + 1)

€cos B

Setting

- - tgg = v
£ECOS B

one obtains

v
_ fz -sinBcosBv+ 00528

l+v2

dv

V1

where the limits of the integral are given by
t 1)
N1 N2
vy, = ——%— - tgf and v, = ——— - tgB
1 R 2., 2 2
£COS B ccos B

For ¢€-+0, €>0 one has Vi m o, v2v-+m

The contribution of the first summand in the integrand of Il

vanishes because of antisymmetry and one obtains

_ 2
Il = Ccos BT

The second integral in the expression D is treated in the same

manner, but ¢ is replaced by -e&. Therefore vy = +o and Vv, = =

One thus finds

D = «U+)2 - (u—)2)(-ﬂ + 2nc0528)
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Forming the difference of the expressions for Qx’ (Eq. 25) up-
stream and downstream of the shock in the limit ¢+0, one obtains

with the notation of Section 2

2artul? - /200t - /2y

= 2ﬂ[u]t - [uz]f (r/2 - /2 + ncosZB)= 0

This is the condition Eg. (16).

An analogous procedure carried out in Eq. (26) requires the

evaluation of

-(1/2) ff uw®(g,nvg, (E-x,n-y)dtdn
Q

After an integration with respect to & one arrives again at
integrals around the contours 89+ and 3Q . No contribution due
to the singular point (x,y) appears. One arrives at
N2
- 31?17 0 [Ty (e-x () +e,n-y)an
"1

- v, (&-x (y)-s,n-y)dn}
i

Here

n -v
(6-x)° + (n-y) 2

wn(a-x,n-y) =

In the integral one makes the same substitution as before. One

finally obtains from Eq. (26)

2 [v]t + [uZ]f sinf - cosB = 0
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The conditions derived for, Qy therefore lead to a linear combination

of the shock conditions (14) and (16).

The full shock conditions are obtained only if simultaneously

Qx = 0 and Qy = 0 for points immediately upstream and downstream
of the shock. The application of only Qx = 0 or Qy = 0 yields
the full shock conditions only if the respective expression van-

ishes globally-.
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APPENDTX VIII
DERIVATION PERTAINING TO EQUATIONS (35) AND (36)

The evaluation of the normal derivative of ¢ in Eq. (35)
requires some caution because the singularity which arises in the
derivatives of y as the point (x,y) approaches the contour 3q.
Therefore, we show some details. Let R(s) be the angle of the
inner normal to the contour of the distant field with the x axis

(Fig. 5). 1In the contour integrals the variable s will be replaced

by an umbral variable o. We assume that s (and g) increase in

a direction of travel for which the distant field is to the left.
The contour is described bv x = x(s) and y = (s). We define unit
vectors in the direction of the normal and in the tangential

directions.

(0]
I

e _cosg + e_ sing
X Yy

(1]
I

e sing - e, cos
% B y B

Derivatives of ¢ in the direction of e, and e, are denoted by %

and by

¢n(x(S),y(S)) ¢xcosB(s) + ¢y sing (o)

¢t(x(5),y(s)) ¢x51n8(s) - ¢y cosB (o)
We assume (x,y) to be fixed inside of the distant field Q, and
define derivatives §_ and wt. The differentiations are then

n
carried out with respect to £ and n.

wn(o,xpy) = wn(i(c)-x,n(o)-y))=

(A49)

= wr(é(o)-x,n(O)-y) cosg(o)+ wn(é(o)-x,n(c)-y)sine(c)

¢t(0'X:Y) = wgsine(o) - wncos g (o).

(arguments of wg and wn as above).




Then one has

wg(ﬁ(O)—x,n(o)~y) y cos B(o) + wtsinB(O)

wn(é(d)—x,n(o)—y) wnsin B(o) - wtcosB(o)

Now from Eq. (34)
o (x,¥)= (2w)-1[-f f(c)wg(i(o)—x, n(O)-y)dO-ffq(C,n)wg(i-x,n-y)didn
N Q
+Tr(x,y) "} sind(x,y)] (A50)
¢ (x,y) = (2ﬂ)_l[—f f(o)y (£(o0)=-x,n(o-y)do-SSq(E,n) ¥ _(E~x,n-y)d&dn
y In n Q n
—I‘r(x,y)_l cosf (x,y)] (A51)

with r2 = x2+y2 sin0(x,y)=y/r, cosb(x,y) = X/r.

The above expressions foqu.anddu]are substituted in the

integrals over 30. We form

¢, (X,yposB(s) + ¢v(x,y)sin8(sk42ﬁ)_l{—ff(o)wn(ofx,y)cos(B(O)—B(S))dO
N E19:

-7 f(o)wt(o,x,y)sin (B(o)-B(s))do
of
-cosB(s) ff q(E,n)wS(i-x,n-y)dEdn
Q 2
-sinB(s) [f q(€,n)wn(€-x,n-Y)d€dn
2

- (T/r)sin(B(s)-0(x,y¥))}

and
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¢x(x,y)sin8(s)- ¢y(x,y)cos8(s)

% - [ f(o)wn(o,x,y)sin (B(s)-B(o)do
1Y)

(2m)

i) f(o)wt(o,x,y)(-COS(&S)-B(O))dO
30

j sinB(s) /S q(&,n)y, (£-x,n-y)dEdn
Q "2

| + cosB(s) JJ a(£,n)y, (£-x,n-y)dEdn
i Q
! - (T/r)cos(B(s) -0(x,yN}
Now one carries out in the last formulae the limiting process A
' where (x,y) approaches a point of the contour (x(s),y(s)). The P
results are denoted by ¢n(s) and ¢t(s)
]

¢n(S)=(f(S)/2)+(2ﬂf4{- S f(O)wn(O,(X(S),y(S)) cos(B(0)-B(s)do
af

-7 f(a)wt(o,X(s),y(S)) sin(B(oc)-B(s)do

3 aQ (A52)
; - cosB(s) [/q(E,n)y, (E-x(s) ,n-y(s))dEdn
| Y ’
i - sinB(s) Jf a(&,m)y (E-x(s), n-y(s))dedn
Q
- (T/x) sin(B(s) - 0(x(s),y(s))} ‘;
¢, (s) =2m Y - s f(o)wn(o,x(s),y(s))sin (B(o)-B(s))do ‘;
an |
(A53)

+ f f(o)wt(o,x(s),y(S))COS(B(c)-B(s))do
. an

» —sinB(s)ff q(E:n)ng(E"X,ﬂ'Y)dgdn
Q0 >

(Continued on next page.)
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+ cosglo) ff q(E.n)wn(é-xrn-Y)dﬁdn
0

-(T/r)cos (R(s)-0(x)(o),y(s))}

The present representation of ¢n(s) and ¢t(s), which uses y and
Y, may appear less direct than a representation in wg and ¢n but
it shows more clearly the limiting form of the equations. 1f
the point (£(o),n(c))approaches the point (x(s),y(s)) (in other
words, as ¢ approaches s). The derivative b, behaves as (o-s)-l;

integrals containing must be evaluated in the sense of Cauchy

P
t
principal values (unless there is another factor in the integrand
which tends to zero in the same manner). Furthermore,

lim §_ =y (0,x(s),y(s))= -(2d8(s)/ds) "

o-rs
{One will remember that s increases in a direction in which one has
the distant field to the left. dB/ds is positive if the distant

field is convex at the point s.)

If one evaluates the double integrals in the form used in
Eg. (35) then it does not matter whether the plane £ is punctured
or not. 1If, however, one transforms it by integrations by part
so that the derivatives of u2 in g vanishes, then one must remember
that one deals with the punctured plane in the limit where the
singular point approaches the boundary from the inside of the
distant field.

ffq(é,n)¢;(€~x,n-y)d£dn= (1/2)ffgg(u2(€,n»w€(E-x,n-y)d&dn
Q > Q °®

it

(L/Z)aé uz(ﬁ,n)wr(é—x,n—y)dn - (l/2)ffu2(€,n)wgg(é-x,n-y)dédn

-("/4)u2(x;y) + (1/2) aé u2(5(0)n(O)wg(6(0)-x,n(0)-y)dn(o)
2

(1/2) 11 u?(5, MV (5%, n-y)dLdn
Q >
lim x+x(s)
y»y(s)

We have found above




wg(E(a)-x,n(o)-y) = wncosB(O) + wtsinB(O)

and dn/do =~cosB(c). Then
(l/2gf uz(E(O),n(O))wr(E(U) -x,n{o)~y)dn (o)

Q <

= (1/2) f uz(;-.(u),n(q)){({/n(a,x,y)cosf}(o)

3322

+ wt(o,x,y)sinﬁ(o)](-cosB(o))dn = _(n/4)cos25(s)u2(x(s),y(s))

~(1/2) 1 WP (), n0)) Vi (0,%(8),¥(8)) oS h(0)+ h (9,%() ,y(5) sinb (5) cosi(9) 1
Li%)

2
The portion of the integral involving wt is evaluated as Cauchy A
principal value. Tor the evaluation of the double integral, see r

Appendix VI.

In a corresponding manner one obtains

) 2
ffgg u (F.n)wn(i—x,n—y)didn

N =

IIQ(C.W)wn(E-x,n—y)dEdn =

? =1 7 wrE,mu (emx, ney)an =(1/2) 1 wP(E,n)v,, (6-x,n-y) ddn .
30 n Al ]
=2 1 u’(£,n) (b,sinB (o) -4, cosB (o)) (-cosB(0))do

b}
BLZ

- /21 uz(ﬁ,n)wgn (£-x,E~y)dgdn

+(n/8Wx(s) ,y(s)sin B(s)cosB(s)

I w?(£(0) ,n(0)) (=¥ _(0,x(s),y(s))sinB (0)cosB (o)
3%
2
+ ¢t(“,x(s),y(s)moszﬁ(o)]do

1 e At - o NGRS A
+ ]
N

e g e e o

=(1/2) 17 w? (g, (£-x(s) ,n-y () ) dfdn
Q .

' limx+>x(s)
1 y:y(s)
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In practice one will use a contour 392 which consists of
straight lines oriented in the x and y directions and considerable
simplifications will be encountered, because ¢osB and sin B will

then be either zero or one.
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Figure 1.

SHOCK, x=xg (y)

Region € in the Vicinity of a Shock.




Fiqure 2. Different Forms of the Boundaries of
the Region .




Figure 3. Notation Used in Demonstrating the
Continuity of Q as the Point (x,y)

Passes Through a Shock.
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Figure 4. Coordinate Systems Used for the Differentiation
of a Double Integral.
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x,§

Figure 5. Limiting Case Where a Point (x,y) of the Interior
Approaches a Point (xc,yc) of the Contour.

Figure 6. Notation for the Evaluation of a Double Integral.
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Figure 7. Geometric Interpretation of r, and GA.
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Figure 8. Different Cases in the Evaluation of a
Double Inteqgral.

Figure 9. Discussion of Certain Shock Conditions.
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Figure 10. Combination of Finite Difference and Integral -
Equation Methods. !
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MODERATELY DISTANT
FIELD

(SOURCES PERMITTED)

VERY DISTANT FIELD
NO SOURCES

Figure 1l1. Derivation of Conditions Along 3Q., if Sources
are Present in the Moderately Dis@ant Field.







